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Abstract
One of the major instabilities under study in the 0111-0 tokamak is the resistive
wall mode (RWM), a form of plasma kink instability whose growth rate is moderated by
the influence ofa resistive wall.l.2 The Far-Tech Olll-O/RWM model represents the
perturbed magnetic fluctuations on the plasma surface as a toroidal current sheet and
represents the resistive wall using an eigenmode approach.3 Although the plasma surface
deformation cannot be directly measured in real time, the amplitude and phase of the
RWM instability can be deduced from measurements by a set of 22 magnetic field
sensors. An array of 6 internal control coil pairs can then be used to return the plasma to
its original shape. Using a matched filter for the two orthogonal components (related by
quadrature in toroidal angle) of a modeled toroidal mode, the resultant plant is reduced
from a 22 by 6 system to a simple 2 by 2 system.
Several control techniques are considered to stabilize this system. The control
systems are created at a nominal growth rate and then implemented on plants of varying
growth rates. The task is to find the upper and lower growth rate limits of the plant that
can still be stabilized by the nominal controller. Two ranges of growth rates are found:
one simply for stabilization, and another that satisfies a set of performance constraints
required for quality design control. Based on these growth rate span results, the various
approaches are compared for their individual advantages and disadvantages. This entire
process is then applied to two 6 by 6 open-loop systems. Finally, the results of the two 6
by 6 systems are evaluated in comparison with the 2 by 2 system's results. Implications
for experimental implementation and use are discussed.
1 Background
The RWM is a type of plasma kink instability under the influence of the resistive
wal1.4 The "kink" description is used to illustrate the plasma behavior because it acts
much like a garden hose that kinks when abruptly pressurized. The toroidally shaped
plasma deforms in a helically symmetric way and the toroidal mode number is used to
characterize this deformed instability shapc. Thc most malignant toroidal modc is thc
n= I mode, which occurs first with rising plasma pressure. The perturbed magnctic
fluctuations on thc plasma surface associated with thc instability create cddy currcnts in
thc surrounding conductive structurc, that is, thc wall. Thc prcscnce ofthc conducting
wall convcrts thc plasma's cxtrcmcly rapid growth timc of a fcw microscconds into a
combincd plasma/wall systcm with an instability having a slow growth timc on thc order
ofthc rcsistive decay timc of eddy currents in the surrounding materials, which is a few
milliscconds. The slowcr growth cnablcs the use of feedback to control the RWM
instability.
Thc parametcr p is dcfined as thc ratio of plasma kinetic pressure to magnetic
prcssure that confines thc plasma.5 A primary dcfinition is
where Pk equals the plasma kinetic pressure averaged over the plasma volume, BI is the
vacuum toroidal magnetic field strength, and 1'0 is the magnetic permeability of the
vacuum. In short, p is a mcasure of how effective the magnetic system is at containing
the plasma. According to magnetohydrodynamic theory. a certain high plasma pressure
makes the RWM unstable when the surrounding wall structure is far from the plasma
surface. The critical plasma pressure threshold for this instability is expressed in terms of
the n0n11alized beta. p~.
,
where Ip is the plasma current, Q is the plasma radius, and B, is again the vacuum toroidal
magnetic field strength. Theoretically, the perturbed magnetic fluctuations could be
stabilized by the induced wall eddy currents if the plasma were surrounded by a perfectly
conducting wall within a critical distance. By definition, a perfect conductor does not
have any resistance, implying that there would be no resistive decay of the stabilizing
wall eddy currents. In the actual devices, the wall current decays due to the finite
resistivity of the wall and the instability has a growth time that is a fraction of the wall
time constant. The "no-wall beta limit" is defined as the critical value of beta for which
the plasma becomes unstable without a perfectly conducting wall. The RWM would
become unstable even in the presence ofa perfectly conducting wall if there were a
further increase of pl~sma pressure. The "ideal-wall beta limit" is the value of beta for
which this ideal instability occurs, regardless of the presence of an ideal wall.
The perturbed magnetic fluctuations are detected by a set of22 magnetic field
sensors. In this study, a subset ofthe magnetic field sensors is used, composed of 10
magnetic probe pairs for poloidal magnetic field and 12 magnetic saddle loop pairs for
radial magnetic field.6 These 10 magnetic probe pairs consist of 4 mid-plane magnetic
probe pairs and 6 upper and lower magnetic probe pairs. The 12 magnetic saddle loop
pairs consist of 6· mid-plane magnetic saddle loop pairs and 6 upper and lower magnetic
saddle loop pairs. Also, as the main feedback control coils, a set of 6 internal coil pairs is
used to stabilize the RWM. These are located at the upper and lower outer radius of the
0111-0 tokamak and are co-located with the 6 upper and lower magnetic saddle loop
pairs. A matched filter is a static pattern-matching algorithm where 2 mode amplitudes
are calculated by matching measured sensor signals with modeled sensor signals. By
using this matched filter. the 22 sensor measurement outputs are converted to 2
equivalent outputs. which are 2 orthogonal components related by quadrature in toroidal
angle. A reduced matched filter represents a subspace of the matched filter consisting of
only the entries corresponding to the 6 upper and lower magnetic saddle loop pairs.
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which are co-located with the 6 internal control coil pairs. This reduced matched filter is
used to convert the 6 internal coil pair voltage inputs to 2 equivalent inputs. The resultant
open-loop plant model is reduced from a 22 outputs by 6 inputs system to a simple 2 by 2
system.
The Far-Tech RWM model used in this analysis has 29 eigenmodes and varies as
a function of the growth rate, y. Typically, as p increases, the growth rate increases as
well. Ideally, there could be one robust controller that can control the system over a wide
range of growth rates. A system's robustness is an assessment of how resilient the
feedback system is in response to internal changes, such as a change in growth rate of the
open-loop plant.
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2 Problem Description
The goal of this analysis is to find the type of controller that yields the best
closed-loop performance and can span the widest growth rate range of the open-loop
plant. Five types of 2 by 2 controllers are designed and tested for their performance,
namely: proportional and derivative gain (PO), linear quadratic Gaussian (LQG), linear
quadratic regulator with output weighting (LQRY) with estimator, pole placement with
estimator, and normalized coprime factorization (NCF). Each controller is created and
analyzed at a nominal growth rate, Ynom, of approximately 1000 rad/s. One physical
limitation of the closed-loop system is that the audio amplifiers have a ± 100 Volt
specification. To avoid saturation, voltages must be kept within this range. The
performance targets of the closed-loop system response are the following:
Rise Time Target = 1.0ms
Settling Time Target = 5.0ms
Overshoot Target = 15%
DC Gain Target = 1.0
The desired performance constraints for quality control are the following:
Rise Time Max. = 5.0ms (for y:s 30 rad/s, Rise Time Max. = 10ms)
Settling Time Max. = IOms (for Y:s 30 rad/s, Settling Time Max. = 15ms)
Overshoot Max. = 50%
Robustness Constraint = No Instability with ± I0% Perturbation of A and C
Matrices (fA and fe, respectively)
Once the nominal controller is created and found to be within the performance
constraints. the controller is held fixed and the growth rate of the plant is varied. Growth
rates are only considered within the range of 10 to 10,000 rad/s. bccause this range is
dcemed physically realizable.
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The purpose of the robustness sweep constraint is to account for the possibility
that the model is not exactly accurate. The robustness sweep is a contour plot that shows
the contours of the real part of the slowest pole of the closed-loop system. Therefore, a
contour line of a negative number represents a stable system, while a contour line of a
positive number represents an unstable system. To satisfy the performance constraint, no
contours of positive numbers may be allowed given the simulated ± I0% perturbation in
the A and C matrices, which are designated by fA and fC in the plots.
Two growth rate ranges of the open-loop plant are found based on two separate
criteria. The first criterion is stabilization. The second criterion is the set of performance
constraints shown above. The goal is to find these two growth rate ranges for each
control method and compare them. The controllers with the widest growth rate ranges
are most robust, and hence, most practical in implementation on the actual plant.'
6
3 Model
The inductive circuit equation is
M i + R 1 + 8lfj K = M i + R 1 + M K = V
H j 55 J 8K P .U J H J Sp P j
p
where MJJ is the conductor mutual inductance, RJJ is the conductor resistance matrix, 15
denotes the conductor currents, VJ denotes the conductor voltages, and the plasma
response has been linearized so that 8ljfJ /8Kp is the change in flux at the conductors
resulting from modal amplitude proportional to Kp, where K" is a scalar parameter
representing the mode amplitude. 7 MJp is the mutual inductance from the surface current
mode to the conductors, and therefore replaces 8ljfs / aKp • Since the mode amplitude is a
function of applied flux at the plasma surface,
where Cpp is a scalar that describes the energy source driving the instability and reflects a
certain RWM growth rate (y) in the model. By definition, MpJ=MJ/, and thus the
inductive circuit equation becomes,
Ali+Rl+MC AI i=v
.H J .u J v' rl' l'.t J J
where C'rp is a 2 by 2 diagonal matrix whose two diagonal entries are the scalar CI'F'
values corresponding to each mode. In principle, these two entries represent two
degenerate modes. having the same growth rate. and hence the same CI'P value. The 11= 1
RWM requires a minimum of two modes in a quadrature relationship with respect to
toroidal angle to represent an arbitrary toroidal phase. The parameter L. is designated as
the following. 3
7
L =M +M C M
• .u jp PP p.l
The circuit equation can then be written in the standard form of a state equation as
follows,
x(t) =Ax(t) + Bu(t)
where, A =-L. -I R" and B =L. -I and where, /1(1)= Vs, and x(I)=/s, representing the state
of the state-space system model. 3 The sensor measurements can be represented in an
output equation of the state-space model,
y(t) =CX(/) + Du(t)
where y(t) are the sensor signals, and where
C=C +C C M
Y' .IT' rr r'
where ~\s and ~IP are the sensor coupling matrices for the conductors and surface current
mode. C is the sensor response matrix characterizing the sensor response to the plasma
or conductor currents. And where
D=O
as is typically the case in such a magnetic sensor output equation. Thus. the open-loop
plant. G(s). is
G(s) =C(sI - Afl B + D
8
which is dependent on the Cpp value, and therefore dependent on the growth rate, y.
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4 2 by 2 System Open-Loop Analysis
Before implementing control, it is necessary to examine the open-loop system to
see how suitable it is for feedback control. The condition number is one measure used to
quantify the degree ofdirectionality and the level of two-way interactions in a multi-input
multi-output (MIMO) system.8 The definition of the condition number of a gain matrix is
the ratio between the maximum and minimum singular values. A gain matrix with a
large condition number, say larger than 10, is considered ill-conditioned. This may
indicate control problems, such as sensitivity to input uncertainties.
The condition number is found for both the original 22 by 6 system and the
modified 2 by 2 system, at steady state frequency. The results are the following:
Condo No. of Original 22 by 6 System:
Condo No. of2 by 2 System:
62.5440
1.0859
The preliminary results show that the both the original 22 by 6 system and the 2 by 2
system have a relatively low condition numbers. The comparison between the two is not
entirely fair because the original 22 by 6 system's condition number is a ratio of the
highest and lowest of six singular values, while the 2 by 2 system's condition number is
the ratio of the highest and lowest of only two singular values. Since the 2 by 2 system is
under investigation in this report, its sufficiently low condition number is further
justification for performing feedback control analysis.
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5 2 by 2 System Results
5.1 Method 1 PD
5.2 Method 2 LQG
5.3 Method 3 LQRY with Estimator
5.4 Method 4 Pole Placement with Estimator
5.5 Method 5 NCF
5.6 Individual System Summary of Results
5.7 Individual System Conclusions
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5.1 Method 1 PD
The first control method is proportional and derivative gain (PO) control. Integral
control is not included because it tends to decrease the rise time significantly and hence
would be detrimental to the performance of this particular system. PO control is
considered non-modeI-based control, because it can be designed without knowing much
about the open-loop system. Figure I shows a block diagram of how the PO controller,
K" is connected to the plant, C.
r=O + y K J u G .l'
... ..
..
-
(2x2) (2x2) ~
~ ..
Figure I - Closed-Loop Block Diagram for PD Control Technique
where
K =I
o
o
where C p is proportional gain. Cd is derivative gain, and TpLs is the time constant.
Whereas thc time constant is fixed at TpLs=4.0 x 10-5• many pairs of proportional gain and
dcrivative gain can bc used to achieve a stable system. In order to find the combination
that achicves the bcst perfonnancc and also spans the most growth rates. lero-leYcl
contour plots (red are created to show thc areas of stability. Inside thc contour region
12
represents combinations of proportional and derivative gain that produce stability, while
outside the region represents combinations that lead to instability. Each color represents
an open-loop plant with a different growth rate (YOL). Figure 2 shows a contour plot for
growth rates from 10 to 1000 rad/s. Figure 3 is a zoomed-in version of Figure 2 showing
the stable regions for growth rates from 10 to 4000 rad/s.
l10'
II
Contours of I'CL for I,Colls
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Figure 2 - Zero-Level Contour Plots for Various Open-Loop Growth Rates (rod
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Figure 3 - Zoomed-In Zero-Lenl Contour Plots for Various Open-Loop Growth Rates (rod
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As the growth rate is increased, the area of stability shrinks. Therefore, there exist fewer
combinations of proportional and derivative gain that will produce a stable closed-loop
system. The pair of gains, Gp=8.0 x 104 and Gr 30, are chosen to achieve the best
performance at the nominal growth rate. Figure 3 shows that this pair of gains is located
near the center of the YOL=IOOO radls stability region, which is shown in red.
It should be noted that there are other pairs of proportional and derivative gain
that yield a stable system for a much wider growth rate range. For example, the pair of
gains, Gp=2 x 104 and GrI3, can span growth rates from 10 to 4100 rad/s. In Figure 3, it
is clear that this pair is located within the YOL=4000 radls stability region, shown in
indigo, as well as those of lower growth rates. The reason these values are not chosen for
this analysis is because they do not produce adequate performance outlined by the
performance constraints.
Another way to check the effect of changing gain is to use dynamic pole-zero
mapping. The purpose of pole-zero mapping is to be able to visually express the
locations of the poles and zeros in closed-loop analysis. The open-loop system used in
this investigation is at the nominal growth rate of 1000 rad/s. Figure 4 actually shows the
progression of the PO controlled closed-loop pole and zero locations, when varying the
derivative gain at a fixed proportional gain. The X's represent the poles, while the circles
represent the zeros. The derivative gain (GJ) is varied from 0 to 60, while the
proportional gain (Gp ) is fixed at l.Ox lOs. Each of the 6 different colors represents six
increments of derivative gain. For example, the color black represents the derivative gain
values from 0 to 10; the color blue represents the derivative gain values from 10 to 20;
and etc. for cyan, green, red, and magenta.
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Figure 4 - Dynamic Pole-Zero Map of Closed-Loop System
where:
black: Gd = 0 to 10
blue: Gd = 10 to 20
cyan: Gd= 20 to 30
green: Gd = 30 to 40
red: Gd= 40 to 50
magenta: Gd= 50 to 60
Figure 4 shows that two of the poles loc'ated near the origin start out in the right-hand
plane (RHP). Somewhere in the blue region. which represents derivative gains from 10
to 20. the poles cross over into the left-hand plane (LHP). At this point. all of the poles
are in the LHP. representing closed-loop stability. However. when the derivative gain is
increased to the magenta region. which represents derivative gains from 50 to 60. two
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other poles cross back over into the RHP, which once again makes the closed-loop
system unstable. This plot verifies the accuracy of the stable gain region plots in Figures
2 and 3. It is also worth noting that at a derivative gain of 30, which is precisely where
the cyan region meets the green region, is where the slowest closed-loop poles are
furthest to the left. This is yet another reason to choose this value ofderivative gain to
achieve the best closed-loop performance.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. Below is the step response, the initial displacement response, the voltage
response to the step, and the robustness sweep, as shown in Figures 5, 6, 7, and 8,
respectively.
'.
Step Response
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Figure 5 - Step Response
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Figure 6 - Initial Displacement Response
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Figure 7 - Voltage Response
0015
Figure 8 - Robustness Sweep
The overshoot of this response is approximately 45%, which is slightly less than the
maximum performance constraint of 50%. The step response is quicker than the target
specification, however this response is within the performance constraints. The rise time
and settling time are approximately 0.1 ms and 1.5ms, respectively. The initial
displacement response also reveals this speed. This plot is a more accurate reflection of
how the closed-loop plant would react to a perturbation in magnetic field, because the
reference of the plant is zero. The voltage response shows that while the voltage
approaches +80V, it does not surpass the limit of +IOOV. The contour lines of the
robustness sweep represent the real part of the closed-loop system's slowest pole. given
the percent perturbation of the A and C matrices. In this case. it shows that within the
± I0% perturbation of the A and C matrix, there are no contours ofa positive values.
hence no unstable poles.
Often the frequency response of the loop transfer function may be used to
characterize closed-loop perfonnance. 8 The loop transfer function. L(s). is the plant.
G(s), in series with the controller. KI(.~), or G(s)Kds). LOw) is called the frequency
response of the loop transfer function. I(s). It describes how the system responds to
persistent sinusoidal inputs offrequency. w. The magnitude of the frequency response.
!L(jeu)l. is also referred to as the loop transfer gain and is dependent on cu. The phase of
the frequency response. L.L(jOJ). is also dependent on w. Both the magnitude and phase
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of the frequency response may be plotted explicitly in bode plots, where w is the
independent variable.
The theory behind using bode plots to find out information about a closed-loop
single-input single-output (SISO) system is the following. Let L(5) denote the loop
transfer function of a system which is closed-loop stable under negative feedback. 8 The
gain margin (GM) is defined as
GM = 1/1 L(jWI80 ) I
where the phase crossover frequency w180 is where the Nyquist curve of LOw) crosses the
negative real axis between -I and 0, that is
LL(j( 180 ) = -1800
If there is more than one crossing the largest value oflLOwl80)1 is taken. The GM is the
factor by which the loop gain ILOw)1 may be increased before the closed-loop system
becomes unstable. The GM is thus a direct safeguard against steady-state gain
uncertainty or error. Typically, a GM of2 or greater is desired. The phase margin (PM)
is defined as
PM = L.L(jw,) + 1800
where the gain crossover frequency We is where ILOw)1 first crosses I from above, that is
1L(jwJ 1= 1
The phase margin tells how much negative phase. also known as phase lag. can be added
to L(s) at frequency We before the phase at this frequency becomes -180 degrees. which
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·corresponds to closed-loop .instability. Typically, a PM 000 degrees or greater is
desired. The PM is a direct safeguard against time delay uncertainty.
Figure 9 shows the bode diagram of the loop transfer function, L(s), of the
controller and the nominal system at a growth rate of 1000 rad/s.
Fran 1n(1) Fran 111(2)
~ 11"11 - -.-- __
~
Frequercy (racVsec)
Figure 9 - Bode Diagram of Loop Transfer Function, L(s), for PD Control Scheme
The diagonal input/output combinations of the bode diagram show a crossover frequency
of 4.17x 103 rad/s, with a positive gain margin of approximately 3.4, and a positive phase
margin of approximately 46 degrees. The input 1 to output 2 combination shows a
crossover frequency of 3.68 x 103 rad/s, a gain margin of approximately 11, and a phase
margin of-122 degrees. The input 2 to output 1 combination shows similar behavior as
..'\
the input 1 to output 1 and input 2 to output 2 combinations. The general guidelines for
bode plots do not apply to MIMO systems, ~i's they do -for SISO systems. Thi~ is c!'ecifly
shown in this .case because the closed-loop syste~ is stable as proven hi. the previOl;ls
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performance plots, :yet a negative phase margin is present. More work must. be completed
to u?derstand the meaning of this behavior.
151 set of criteria: Stability
Next, the upper and lower growth rate limits of the plant are analyzed with respect
to stability, and a range from 10 to 1650 rad/s is found. The minimum growth rate the
open-loop system can have and still be stabilized by the nominal PO controller is 10
rad/s. The limiting' factor in this case is the growth rate. As stated earlier, 10 rad/s is
designated as the minimum growth rate that is physically realizable. The results are
shown below in Figures 10, 11, 12, and 13.
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Figure 12 - Voltage Response Figure 13 - Robustness Sweep
The rise time and settling time are slow at IOms and 31 ms, respectively. The overshoot
is approximately 4.0%. The voltage is similar to the nominal case and within the physical
limitations. The robustness sweep is similar to the nominal case as well.
The open-loop system's maximum growth rate this controller can stabilize is 1650
rad/s. The step response, initial displacement response, voltage response, and robustness
sweep are shown below in Figures 14, 15, 16, and 17, respectively.
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Figure 14 - Step Response Figure 15 - Initial Displacement Response
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Figure 16 - Voltage Response Figure 17 - Robustness Sweep
The performance of this system is extremely underdamped. The rise time is short at
0.08ms, but the settling time is extremely long at 36ms. The overshoot is approximately
100%. The voltage response shows that while the voltage is within the limitations of the
audio amplifiers, it has a similarly long settling time. The robustness sweep shows that
even the slightest perturbation of the A matrix will cause instability.
This controller can stabilize a growth rate span of 10 to 1650 rad/s. Since it is
believed that the growth rate could realistically reach 10,000 rad/s, this method is
somewhat limiting.
2nd set of criteria: Performance Constraints
The second set of criteria is much more limiting, therefore it is expected that this
growth rate span is narrower. This is indeed the case. The growth rate range using this
set of criteria is 200 to 1100 rad/s. The results of the lower limit case with a plant growth
rate of 200 rad/s are shown in Figures 18. 19. 20. and 21.
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Figure 18 - Step Response
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Figure 20 - Voltage Response Figure 21 - Robustness Sweep
In this case, the limiting parameter is the settling time, which is approximately 10ms.
This is the maximum allowable value based on the performance criteria. This system is
underdamped, but the overshoot is only approximately 40%. The initial displacement
response also shows this underdamped behavior. The voltage response is similar to the
nominal case. The robustness sweep shows an equally good robustness as the nominal
case.
The upper limit using the performance constraints is a plant with a growth rate of
1100 rad/s. TIle step response. initial displacement response. voltage response. and the
robustness sweep are shown in Figures 22. 23. 24. and 25.
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Figure 24 - Voltage Response Figure 2S - Robustness Sweep
The limiting factor in this analysis is the overshoot, which is approximately 50%. This is
the maximum allowable overshoot defined in the perfomlance constraints. Furthcr
increasing the growth rate rcsults in an overshoot that excecds this limit. The risc time
and settling time are both adcquately short at 0.1 ms and 1.3ms. respectively. Thc voltagc
rcsponse and robustncss swcep are relatively similar to the nominal case.
To summarizc the PD mcthod. thc nominal controllcr is able to stabilize systcms
with growth ratcs from 10 to 1650 rad/s and mcct thc pcrfomlance constraints of systems
with gro\\th rates from 200 to 1100 rad/s.
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5.2 Method 2 LQG
The second method of control implemented on the plant is linear quadratic
Gaussian (LQG), which is the combination of a linear quadratic regulator (LQR) state
feedback matrix and a Kalman filter, which is a state estimator. LQG is an optimal
model-based control strategy. Figure 26 shows a block diagram of how the LQG
controller, K2, is connected to the plant, G.
r=O + y K.., II G
"
-.. ~ ~ ..
.. (2x2) (2x2) -..-~l
Figure 26 - Closed-Loop Block Diagram for LQG Control Technique
Figure 27 shows a block diagram of the internal structure of the LQG controller, K2.
}'
Kalmar x -K II
.-
... Filter
II
Figure 27 - Block Diagram of LQG Controller, K,
In continuous time. the linear quadratic regulator defines the state-feedback la\\'.
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u=-KX
where K is the state-feedback gain matrix, which has a number of rows equal to the
number of inputs of the system, 2, and has a number ofcolumns equal to the number of
states, 97. This state-feedback law minimizes the quadratic cost function,
J(u) = r(x 7 0 + z/ Ru)dt
where x is the Kalman state estimate and Q and R are weighting matrices that weight the
states and the inputs, respectively. The Kalman filter equation is,
£=Ax + Bu +L(y - ex)
where L is the filter gain matrix, which has a number of rows equal to the number of
states, 97, and a number of columns equal to the number of outputs, 2. L is determined
by solving the following algebraic Riccati equation for P,
and then inserting P into the following equation.
where G=B, and Qn and Rnare defined as the process and sensor noise covariance
matrices of the Kalman filter. respectively. governed by the following two equations.
o =c{wwT \~n I I'
R =c{H",w~ \
" If.. If.. ,
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where WI is the process noise and W2 is the sensor, or measurement, noise. Thus, the
regulator state-space equations are
K
2
:{;=[A~LC-BK]x+LY
u=-Ki
The Q and R weighting matrices used for the LQR design are diagonal matrices of
1.0x I0--4 and 1.0x 108, respectively. The aim of this design is to put more weight on the
inputs and less on the states of the system. This technique effectively increases the
damping and decreases the bandwidth, thus decreasing the response speed of the LQR
design.9 The resulting damped response is relatively slow, but is still quick enough to
satisfy the design constraints and produce voltages within the physical limitations. The
Qn and Rnnoise covariance matrices used for the Kalman filter are diagonal matrices of
1.0x I08 and 1.0x I0--4, respectively. The reason for this design decision is to reject
process noise and increase reliance on sensor noise. The resulting estimation response is
relatively fast.6
Nominal Controller:
The LQG controller is first paired with an open-loop system at the nominal
growth rate of 1000 rad/s. The results are shown below in Figures 28, 29. 30. and 31.
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Figure 30 - Voltage Response Figure 31 - Robustness Sweep
The rise time and the settling time are extremely close to the targets at approximately
2.0ms and 4.0ms. respectively. The overshoot is 0%, which is lower than the targct. but
within the perfonnance constraints. The voltage response shows that the maximum
voltage is low at approximately +IOY. which is well within the limitations of ± IOOY.
This behavior is due to the large weight put on the inputs of the system. The robustncss
sweep shows that the systcm is stable with a ±10% perturbation of the A or C matrices.
The white space represcnts the region whcre the real part of the closed-loop systcm' s
slowest pole is constant at -80.6904. representing a "quasiconstanC pole. In this control
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.scheme, this "quasiconstant" pole is not affected by feedback. When the moving pole
passes to the left of this position, it is no longer seen as the slowest pole. Therefore, the
white space means that all the poles are more stable than the stationary pole at -80.6904.
An additional investigation into the nature of these "quasiconstant" poles is included in
the pole placement with estimator section of this report.
Often the frequency response of the loop transfer function may be used to
characterize closed-loop performance. The loop transfer function, L(.5), is the plant, GM,
in series with the controller, K2(s), or G(.5)*Kds). Figure 32 shows the bode diagram of
the loop transfer function, L(s), of the controller and the nomimil system at a growth rate
• of 1000 rad/s ..
Figure 32 - Bode Diagram of Loop Transfer Function, L(s), for LQG Control 5;cheme
\
~
The diagonal input/o~tput combinations ~fthe bode diagram show a crossover frequency;'
of 1.53 x 103 rad/s, with a positive gain margin ofapjJJ"Oximately 0.56, and a pO,sitive
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phase margin of approximately 60 degrees.. Both the input I to output 2 combination and
the input 2 to output I combination show again margin of approximately 1.0x I03 and an
infinite phase margin, meaning no crossover. The general guidelines for bode plots do
not apply to MIMO systems, as they do for SISO systems. This is clearly shown in this
case because the closed-loop system is stable as proven in the previous performance
plots, yet infinite phase margins are present. More work must be completed to
understand the meaning of this behavior.
Ist set of criteria: Stability
The LQG nominal controller is successful in stabilizing systems of growth rates
of 10 to 6200 rad/s. The results of this controller paired with an open-loop system with a
growth rate of 10 rad/s are shown below in Figures 33, 34, 35, and 36.
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Figure 35 - Voltage Response
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Figure 36 - Robustness Sweep
This response is extremely slow with respect to the performance targets, with a rise time
"'- and settling time of approximately 300ms and 500ms, respectively. The overshoot is
again 0% and the voltage is again within the constraints. The robustness sweep shows
that the real part of the slowest pole is approximately -7.5, but the closed-loop system is
still stable given the perturbations of the A and C matrices.
The system with the maximum growth rate that the LQG nominal controller is
able to stabilize is 6200 rad/s. The results from this analysis are shown below in Figures
37,38,39, and 40.
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Figure 39 - Voltage Response
Figure 38 - Initial Displacement Response
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Figure 40 - Robustness Sweep
This response is underdamped with an overshoot of approximately 115%. The rise time
is short at approximately O.lms but the settling time is much longer at approximately
10ms. The initial displacement response shows similar behavior. The voltage response
is similar to the nominal case except for some oscillation. The robustness sweep shows
that given a positive 10% perturbation in the A and C matrices. the closed-loop system
becomes unstable.
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2nd set of criteria: Performance Constraints
Given the performance constraints, the growth rate span shrinks to a range of 500
to 4550 rad/s. The results for the system with a growth rate of 500 rad/s are shown below
in Figures 41,42,43, and 44.
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Figure 43 - Vollage Response Figure 44 - Robustness Sweep
The limiting factor in this case is the rise time of approximately 5.0ms. which is the
maximum allowable limit given the performance constraints. The settling time is
approximately 9.0ms, which is just under the allowable limit of 10ms. The overshoot is
again 0%. The voltage response and robustness sweep are both similar to the nominal
,
case and within the performance constraints.
The system with the maximum growth rate of 4550 rad/s satisfies the performance
constraints. The results of this analysis are shown below in Figures 45,46,47, and 48.
104
102
100
Figure 46 - Initial Displacement Response
100
0015
lritial DsPa:errert
J
~ 1
r05
~ 0
I-05
-1
0015 0 0= 001 0015
'.6
'.6r-----~----~----~
1.2
14
04
02
0
-02
0 0= 001
Figure 45 - Step Response
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Figure 47 - Voltage Response Figure 48 - Robustness Sweep
The overshoot of approximately 50% is the limiting factor in this closed-loop system.
The step response is adequately fast with a rise time and settling time both below 2.0ms.
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The voltage response and robustness sweep are both similar to the nominal case and well
within the performance constraints.
To summarize the LQG method, the nominal controller is able to stabilize
systems with growth rates from 10 to 6200 rad/s and meet the performance constraints of
systems with growth rates from 500 to 4550 rad/s. When compared to the PO controller,
the LQG controller spans wider growth rate ranges, with regards to both stability and the
performance constraints. Its slow speed is it primary limitation with low growth rates.
With high growth rates, its limitation is overshoot.
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5.3 Method 3 LQRY with Estimator
This method is similar in design to the LQG method. The only difference is that a
linear quadratic regulator with output weighting (LQRY) state feedback matrix is
substituted for the LQR state feedback matrix. LQRY with estimator is an optimal
model-based control strategy. Figure 49 shows a block diagram of how the LQRY with
estimator controller, KJ, is connected to the plant, G.
1'=0 + y K3 II G Y-.. ...
,...
- (2x2) (2x2) ,...
, ~
Figure 49 - Closed-Loop Block Diagram for LQRY with Estimator Control Technique
Figure 50 shows a block diagram of the internal structure of the LQRY with estimator
controller, KJ.
.J'
Kalmall x -Ky II
-
-. Filter
11
Figure 50 - Block Diagram of LQRY with Estimator Controllcr,/(,
36
In continuous time, the linear quadratic regulator with output weighting defines the state
feedback law,
u=-K x)'
where Ky is the state-feedback gain matrix, which has a number of rows equal to the
number of inputs of the system, 2, and has a number of columns equal to the number of
states, 97. This state-feedback law minimizes the quadratic cost function,
J(u) =r(lQy + z/Ru)dt
where X is the Kalman state estimate and Qand R are weighting matrices that weight the
outputs and the inputs, respectively. LQRY is similar to the LQR method in that it is a
linear quadratic state-feedback regulator. Both try to minimize a quadratic cost function,
however, LQRY weights the outputs instead of the states. The Kalman filter equation is,
.~ = Ax + Bu + L(y - ex)
where L is the filter gain matrix, which has a number of rows equal to the number of
states, 97. and a number of columns equal to the number of outputs, 2. L is determined
by solving the following algebraic Riccati equation for P,
and then inserting P into the following equation.
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where G=B, and Qn and Rnare defined as the process and sensor noise covariance
matrices of the Kalman filter, respectively, governed by the following two equations,
Qn =&{ lV,W; }
Rn =&{ lV2lV~}
where \\' J is the process noise and \\'2 is the sensor, or measurement, noise. Thus, the
regulator state-space equations are
{
i = [A - LC - BK ,~ + Ly
K . )3 •
II =-Ki
The Qand R weighting matrices, which weight the outputs and inputs, are chosen to be
diagonal matrices of I.Ox 108 and I.Ox I0-4, respectively. The outputs are chosen to have
a greater weight than the inputs in order to increase bandwidth and hence induce a faster
response. The resulting response is much less damped than the LQG method's response
and the corresponding maximum absolute voltage is relatively higher.
If a different weight scheme is used (i.e. Q= I.Ox 104, R= 1.0) for this LQRY
controller, results are almost identical to the LQG case. The reason for this is because
given certain Q and R matrices, the LQR and LQRY techniques can be almost exactly the
same. However, for the purposes of this comparative analysis it is more useful to observe
the unique qualities of this LQRY controller.
As in LQG design, the Qn and Rnnoise covariance matrices used for the Kalman
filter are diagonal matrices of I.Ox 108 and 1.0x 10-4, respectively. Again, the resulting
estimation is relatively fast.
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Nominal Controller:
The nominal controller is paired with an open-loop system at the nominal growth
rate of 1000 rad/s. The results are shown below in Figures 51, 52, 53, and 54.
1.6.------~~----~---___,
1.6
1.4
(5" 12 lI o:P--------------1IIIII\
~ 06
04
02
o
-O'2'---------'---------~----,-J
o 0CIJ5 001 0015
lritici Dsplocerrert
1:1
!2: 1
r05!
~ <:1
0'---------0~CIJ5-----0-L01 0015
Figure 51 - Step Response Figure 52 - Initial Displacement Response
100
00
00
4l
~ ;D
~ 0-20
]
~l
.1001
0 0CIJ5 001 0015
1 Q6
100
104
102
fC
Figure 53 - Voltage Response Figure 54 - Robustness Swcep
This response is very quick with a rise time and settling time under lms. It has an
overshoot of about 48%. which is extremely close to the upper overshoot constraint of
50%. The voltage response shows that the maximum voltage almost reaches the +1OOV
limitation. The reason for large voltage response is the design decision to place a large
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weight on theoutputs of the system, rather than the inputs. The robustness sweep shows
good stability given the perturbations of the A and C matrices.
Often the frequency response of the loop transfer function may be used to
characterize closed-loop performance. The loop transfer function, L(s), is the plant, G(s),
in series with the controller, K3(s), or G(s) *K3(s). Figure 55 shows the bode diagram of
the loop transfer function, L(s), of the controller and the nominal system at a growth rate
of! 000 rad/s.
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Figure 55 - Bode Diagram of Loop Transfer Function, L(s), for LQRY with Estimator Control
Scheme
The diagonal input/output combinations of the bode diagram show a crossover frequency
\
of 9.60x 103 rad/s, with a positive gain margin of approximately 2.0, and a positive phase
margin of approximate'ly 36 degrees. Both the input 1 to output 2 combination and the c-
input 2 to output 1 combination show a: gain margin of approximately 65 and an infinite
. . r .
phase margin, meaning no crossover. Thegeneral'guidelines for bode plots <;10 not apply
to MIMOsystems, as they do for SISO systems'. This is clearly shawl'! inthis case
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because the closed-loop system is stable as proven in the previous performance plots, yet
infinite phase margins are present. More work must be completed to understand the
meaning of this behavior.
151 set of criteria: Stability
This controller is able to stabilize the systems with growth rates from 10 to 2000
rad/s. The results for the open-loop system with a growth rate of 10 rad/s are shown in
Figures 56, 57, 58, and 59.
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Figure 59 - Robustness Sweep
This step response shows a damped behavior with 0% overshoot. It is slower than the
nominal system with a rise time and settling time of approximately 6.0ms and 12ms,
respectively. These times are both within the performance constraints, given the open-
loop growth rate of 10 rad/s. The voltage response is still high, but within the acceptable
limitations. The robustness sweep shows similar results as in the nominal case.
The upper stability limit is a system with a growth rate of2000 rad/s. The results
are shown below in Figures 60, 61,62 and 63.
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Figure 60 - Step Response
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Figure 61 - Initial Displacement Response
Figure 62 - Voltage Response Figure 63 - Robustness Sweep
This system is underdamped with an overshoot of approximately 150%. The rise time is
extremely fast at about 0.1 ms, while the settling time is approximately 20ms. The
voltage response follows a similar trend, yet is still within the constraints. The robustness
sweep shows that a very slight perturbation of the A or C matrices causes instability.
2nd set of criteria: Performance Constraints
By abiding by the performance constraints, this method is capable of stabilizing
systems with growth rates from 10 to 1000 rad/s. Both of these cases were previously
shown. The open-loop system with a growth rate of 10 rad/s can be seen in Figures 56-
59. The limiting factor in this analysis is the growth rate, because growth rates below 10
rad/s are not considered. The open-loop system with a growth rate of 1000 rad/s is the
nominal case and can be seen in Figures 51-54. The limiting factor in this case is the
overshoot. which is very close to 50%. If the growth rate of the open-loop system is
increased. the overshoot exceeds this performance constraint.
To summarize the LQRY with estimator method. the nominal controller is able to
stabilize systems with growth rates from 10 to 2000 rad/s and meet the perf0n11anCe
constraints of systems with growth rates from 10 to 1000 rad/s. When compared to the
LQG controller. the LQRY with estimator controller secms inferior. The LQG controller
43
spans a larger growth rate range when considering either the stability or the performance
criteria. However, the LQRY with estimator controller is extremely effective when
controlling systems of lower growth rates. Notice it spans the whole growth rate range
from 10 to 1000 rad/s, even within the performance criteria. The reason it is so effective
at low growth rates is its speed. Conversely, this is also why it is ineffective at higher
growth rates.
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5.4 Method 4 Pole Placement with Estimator
The closed-loop pole locations have a direct effect on the time response
characteristics such as rise time, senling time, and overshoot. Using the model-based
pole placement technique, the desired closed-loop pole locations in the complex plane are
chosen by the designer, and the gain matrix is computed to produce these poles,
approximately. This gain matrix depends on a good estimation of the states, therefore it
is paired with a Kalman filter. Figure 64 shows a block diagram of how the pole
placement with estimator controller, K4, is connected to the plant, G.
r=O + V K4 II G ,.-~ ...
- (2x2) (2x2) ~~
Figure 64 - Closed-Loop Block Diagram for Pole Placement with Estimator Control Technique
Figure 65 shows a block diagram of the internal structure of the pole placement with
estimator controller, K4•
y
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Figure 65 - Block Diagram of Pole Placement with Estimator Controllcr.l\~
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Given a vector p of desired self-conjugate closed-loop pole locations, the gain matrix, Kp ,
is created of the form,
u=-K xp
where x is the Kalman state estimate and Kp is the state-feedback gain matrix, which has
a number ofrows equal to the number of inputs of the system, 2, and has a number of
columns equal to the number of states, 97. In other words, the eigenvalues of A- BKp
match the entries ofp. The Kalman filter equation is,
i = Ax + Bli + L(y - ex)
where L is the filter gain matrix, which has a number ofrows equal to the number of
states, 97, and a number ofcolumns equal to the number of outputs, 2. L is determined
by solving the following algebraic Riccati equation for P,
and then inserting P into the following equation,
where G=B. and Qn and Rnare defined as the process and sensor noise covariance
matrices of the Kalman filter, respectively. governed by the following two equations.
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where W J is the process noise and W 2 is the sensor, or measurement, noise. Thus, the
regulator state-space equations are
{
£=[A-LC-BK ~+Ly
K . r4 •
u=-K Xp
In this analysis, p is designed to be the set of closed-loop poles from PO nominal
controller in Method 1. The purpose of this analysis is to determine whether or not the
dynamics of the estimator influence the performance of the closed-loop system. The
results show that this is indeed true. As in the LQG and LQRY with estimator design, the
Qn and Rnnoise covariance matrices used for the Kalman filter are diagonal matrices of
1.0x 108 and 1.0x 10--4, respectively. Once again, the resulting estimation is relatively fast.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results are shown below in Figures 66, 67, 68, and 69.
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The step response shows an overshoot of approximately 30%. The rise time and settling
time are fairly quick, at approximately 0.1 ms and 1.5ms. The voltage response shows
that the maximum voltage reached is approximately +50V, which is well within the
voltage limitations. The robustness sweep shows no instabilities arising due to ± I0%
perturbations of the A and C matrices, but again shows the obvious existence ofa
"quasiconstant" pole at -80.6904.
It seems that these "quasiconstant" poles are uncontrollable, because they do not
move given the many control techniques applied. Therefore, the pole placement with
estimator technique is the perfect opportunity to test this hypothesis. When using the
pole placement technique, the designer specifically designates pole locations. The
investigation proposed is to move this "quasiconstant" pole further to the left in an
attempt to improve the performance of the closed-loop system. The performance plots of
this new system are then compared to the previous results. While the previous design
uses the pole placement technique to find then state-feedback gain matrix and a Kalman
filter as the state estimator, the new design uses the pole placement technique for both the
state-fecdback gain matrix and the state estimator. In this design, the estimator poles are
the eigenvalues ofA - LC, whcre L is the cstimator gain matrix. The slowest pole for
both pole placcmcnt schemcs is movcd from -80.6904 to -82.0.
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The first pole map in Figure 70 is the original design, while the second pole map
in Figure 71 represents the second design with the slowest pole moved to -82.0. The red
X's represent the poles placed for the state-feedback gain matrix design, while the black
X's represent the poles placed for the state estimator design. Similarly, the green X's are
the open-loop poles and the blue X's are the closed-loop poles.
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Figure 71 - Pole Map of New Pole Placement Design
The previous figures show that by moving the poles of the state-feedback gain matrix and
the state-estimator, the closed-loop poles move to the left as well. This proves that these
"quasiconstant" poles are, in fact, controllable and observable. Since this new design is
faster, the logical next step would be to test the performance of the response. These
results are shown in Figures 72, 73, 74, and 75.
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Figure 72 - Step Response
Figure 74 - Voltage Response
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Figure 75 - Robustness Sweep
The only problem is that the closed-loop perfonnance of the new design deteriorates as a
result of this new pole placement scheme. By merely moving the slowest pole to -82.0
from -80.6409. the closed-loop performance becomes worse. Specifically, the rise time
and settling time increase dramatically ~o 26ms and 42ms, respectively. which are well
outside the performance constraints. In addition. the voltage response grows outside of
the physical constraint of ± I00 Volts. Furthermore. the robustness sweep shows that a
very small perturbation (±I%) in either the A or C matrices leads to instability. It is c1car
that the performance of the closed-loop systcm with the slightly faster slowest closed-
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loop pole is much worse. Therefore, the original design is used for the rest of this
analysis. Additional work should be completed to find the best pole placement scheme.
Often the frequency response of the loop transfer function may be used to
characterize closed-loop performance. The loop transfer function, L(s), is the plant, G(s),
in series with the controller, K4(s), or G(S)*K4(S). Figure 76 shows the bode diagram of
the loop transfer function, L(s), of the controller and the nominal system at a growth rate
of 1000 rad/s.
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Figure 76 - Bode Diagram of Loop Transfer Function, L(s), for Pole Placement with Estimator
Control Scheme
The diagonal input/output combinations of the bode diagram show acrosSOYer frequency
. . . ~
of 6.75 xl 03 rad/s, with a positive gain margin of approximately 2.25, and a positive
. '.
phase margin of approximately 45 degrees. The input 1 to output 2 combination shows
.... . .. .., .
gain margin ofapproximately 10 and an infinite phase margin, .meaning 'no crossover.
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The input 2 to output 2 combination shows a crossover frequency of approximately 377
rad/s, a gain margin of 16, and a phase margin of -23. The general guidelines for bode
plots do not apply to MIMO systems, as they do for SISO systems. This is clearly shown
in this case because the closed-loop system is stable as proven in the previous
performance plots, yet an infinite phase margin and a negative phase margin are present.
More work must be completed to understand the meaning of this behavior.
151 set of criteria: Stability
This nominal controller is able to stabilize systems with growth rates from 10 to
2200 rad/s. The results of the system with a growth rate of 10 rad/s are shown below in
Figures 77, 78, 79, and 80.
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Figure 77 - Step Response Figure 78 - Initial Displacement Response
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Figure 79 - Voltage Response
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Figure 80 - Robustness Sweep
The overdamped step response shows an overshoot of 0%. The rise time and settling
time are approximately 13ms and 25ms. The voltage response and robustness sweep are
similar to the nominal case, and are well within the constraints.
This controller is successful in stabilizing an open-loop system with a growth rate
of 2200 radls, which is the upper limit. The results are shown below in Figures 81, 82,
83, and 84.
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Figure 81 - Step Response
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Figure 82 - Initial Displacement Response
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Figure 83 - Voltage Response Figure 84 - Robustness Sweep
This system is underdamped with an overshoot ofapproximately 120%. The rise time is
approximately O.5ms with a settling time of approximately 65ms. The initial
displacement response and voltage response show the same oscillatory behavior. The
robustness sweep shows that a small perturbation in either the A or C matrix causes
instabi Iity.
2nd set of criteria: Performance Constraints
-When considering the performance constraints, the span of growth rates is
narrower, specifically the range from 15 to 1300 rad/s. The results from the system with
a gro\\1h rate of 15 rad/s are shown below in Figures 85, 86, 87, and 88.
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Figure 88 - Robustness Sweep
The performance of this closed-loop system is overdamped with 0% overshoot. The
limiting factor in this case is the growth rate, because growth rates below 10 rad/s are not
considered. The rise time and settling time are within the performance constraints, at
approximately 7.5ms and 15ms, respectively. The voltage response and robustness
sweep are similar to that of the nominal case and are well within both the physical and
performance constraints.
The results for the upper limit growth rate system of 1300 rad/s are shown below
in Figures 89, 90, 91, and 92.
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Figure 91 - Voltage Response Figure 92 - Robustness Sweep
The limiting factor in this case is the overshoot, which is approximately 50%. This is the
upper limit defined by the performance criteria. The rise time and settling time are
sufficiently fast at approximately 0.08ms and 1.0ms, respectively. Once again. the
voltage response and robustness sweep are similar to the nominal case and are within the
physical and performance constraints.
To summarize the pole placement with estimator method. the nominal controller
is able to stabilize systems with growth rates from 10 to 2200 rad/s and meet the
performance constraints of systems with grO\\1h rates from 15 to 1300 rad/s. The
interesting conclusion to draw from this analysis is that the pole placement with estimator
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controller is superior to the PD controller. Even when using the same approximate poles,
the addition of the state estimator improves the overall performance of the closed-loop
system. This proves that the dynamics of the estimator influence the performance of the
closed-loop system in a positive way. Furthermore, the estimator allows this controller to
span a wider growth rate range than the PD controller, with respect to either criterion. .
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5.5 Method 5 NCF
While the previous four methods all strictly deal with the time domain, the
normalized coprime factorization (NCF) method is a frequency response controller. NCF
control is classified as a robust model-based control strategy. To design an effective
NCF controller, loop shaping techniques are implemented. Loop shaping is a classical
approach in which the magnitude of the open-loop transfer function, L(jw), is
manipulated or "shaped." The designer's goal is to obtain IL(jw) I with a desired
bandwidth.6 Frequency responses are input to the controller to create the desired
performance. The strategy is to provide good tracking in low frequency regions by using
high gains, and to provide good disturbance rejection in high frequency regions by using
low gains. Classic loop shaping techniques and standard weight representations are
implemented.6 Figure 93 shows a block diagram of how the NCF controller is connected
to the plant, G..
r=O + Y Koo WI II G W2 Y .....~
-- -
~.. (2x2) (2x2) (2x2) (2x2)
~ '" -
Figure 93 - Closed-Loop Block Diagram for NCF Control Technique
K5 is the equivalcnt controllcr in scries with thc original plant. G, in the following forlll.
. .
K =WK W~ I '" 2
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where WI is a 2 by 2 diagonal matrix with the weight,WI, in the diagonal entries, and W2 ..
is a 2 by 2 diagonal matrix with the weight, W2, in the diagonal entries. The first weight,
.WI, uses the weighting scheme,
where WB is the desired crossover frequency, withA and Mas the upper and lower
asymptotes, respectively, of the inverse ofperforma~ce weight, 1/IWIOw)l, plot, as shown
below in Figure 94.
1/1W1(jw)1
frequency (_sec)
Figure 94 - Frequency Response of Inverse of Weighting Scheme, WI
The value of WB is chosen to be 1.0x 108 rad/s. This value is slightly higher than the
,
crossover frequency of the other controllers, yet this provides a wider low frequency
region for good tracking. This leads to a faster response. The parameters, A andM~
designed to be LOx 10-5 and 100, respectively, because thes~ produce the best ~losed-
, .' '.'" r :
loop performance. The second weight, W2, ise,tlosen to be 1. These weighting parameters
are chosen"purely as design parameters without any physical basis, agd therefore rriay be
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treated as tuning parameters. 10 K", represents the optimal H '" controller that
simultaneously minimizes the following two cost functions,
where the Yncfmatrices represent closed-loop transfer functions. The loop transfer
function starts out with large gains for good tracking and then decreases to low gains at
higher frequencies for good disturbance rejection.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results of which are shown in Figures 95, 96,97, and 98.
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Figure 95 - Step Response
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Figure 98 - Robustness Sweep
This step response produces an overshoot of approximately 27%. The rise time and
settling time arc 0.2ms and 2.0ms, respectively. The voltage response shows that the
maximum voltage reached is approximately +30V, which is well below the limitation of
+IOOV. The robustness sweep shows no instability resulting from a ±IO% perturbation
of the A and C matrices.
Often the frequency response of the loop transfer function may be used to
,
characterize closed-loop perfonnance. TIle loop transfer function. L(s). is the plant. G(s).
in series with the controller. K5M. or G(S)*K5(.~). Figure 99 shows the bode diagram of
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the loop transfer function, L(s), of the controller and the nominal system at a growth rate
of 1000 rad/s.
Fran 1n(1) Fran 1n(2)
Ffequercy (ra:Vsec)
Figure 99 - Bode Diagram of Loop Transfer Function, L(s), for NCF Control Scheme
The diagonal input/output combinations of the bode diagram show a crossover frequency
of 4.20x 103 rad/s, with a positive gain margin of approximately 5.0, and a positive phase
margin of approximately 45 degrees. The input 1 to output 2 combination and the input 2
to output 1 combination show gain margins ofapproximately 401 and 13.4, respectively., --
They both show an infinite phase margin, meaning no crossover. The general guidelines,
for bode plots do not apply to MIMO systems, as they do ,for SISO systems. ,_ Thi~
clearly shown in this case because the closed-loop system is stable as'proven infhe
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previous performance plots, yet infinite phase margins are present. More work must be
completed to understand the meaning of this behavior.
ISI set of criteria: Stability
The NCF controller is able to stabilize systems with growth rates from 10 to 4550
rad/s. The results of the case where this controller stabilizes an open-loop system with a
growth rate of 10 rad/s is shown below in Figures 100, 101, 102, and 103.
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Figure 102 - Voltage Response Figure 103 - Robustness Sweep
The step response shows overdamped behavior with 0% overshoot. The rise time and
settling time are approximately 28ms and 51 ms, respectively. The voltage response is
similar to the nominal case and within the physical limitations. The robustness sweep
shows that the real part of the closed-loop system's slowest pole is approximately -65.0,
showing that this closed-loop system is less stable than the nominal case. It also shows
that given a ± 10% perturbation of the A and C matrices, the system wi II remain stable.
The results of the case where this controller stabilizes an open-loop system with a
growth rate of 4550 rad/s are shown below in Figures 104, 105, 106, and 107.
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Figure 105 - Initial Displacement Response
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Figure 106 - Voltage Response
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Figure 107 - Robustness Sweep
This step response is underdamped with an overshoot of approximately 155%. The rise
time and settling time are 0.05ms and 6.0ms, respectively. The initial displacement
response and voltage response show this oscillatory behavior, but remain within the
physical limitations of the system. The robustness swcep shows a large region of
instability given a perturbation of the A and C matrices.
2nd set of criteria: Pcrformance Constraints
Bascd on thc performancc critcria, thc nominal NCF controllcr can stabilizc
systcms with growth ratcs from 30 to 2050 rad/s. The rcsults ofthc casc whcrc this
controllcr stabilizcs an opcn-Ioop systcm with a growth ratc of 30 rad/s arc shown below
in Figurcs 108, 109. 110, and 111.
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Figure 111 - Robustness Sweep
The limiting factor in this analysis is the settling time, which is approximately 14ms.
This is only slightly lower than the upper limit for settling time, given an open-loop
system with a growth rate less than or equal to 30. The rise time is also relatively high at
approximately 8.0ms. which is slightly lower than the maximum allowable limit. The
overshoot is 0% in this case. The voltage response and robustness sweep are similar to
the nominal case. and are within the physical and perfOnllanCe constraints.
Within the performance constraints. the upper limit of growth rate for an opcn-
loop system controlled by the NCF nominal controller is 2050 rad/s. The results are
shown below in Figures 112. 113. 114. and 115.
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The limiting factor in this analysis is the overshoot, which is approximately 50%. This is
the upper limit allowed by the performance criteria. The rise time and settling time are
approximately 0.1 ms and 1.7ms, respectively. The voltage response and robustness
sweep are similar to the nominal case and within the physical and perfonnance
constraints.
To summarize the NCF method. the nominal controllcr is able to stabilize systems
with growth rates from 10 to 4550 radls and mcct the performance constraints of systems
with growth ratcs from 30 to 2050 rud/s. TIle NCF controllcr is proven to be a successful
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tool in spanning open-loop system growth rates. It has one of the widest growth rate
ranges out of all the methods, second only to LQG.
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5.6 Individual System Summary of Results
The results of the five control strategies implemented on the 2 by 2 system can be
summarized by Table I.
Table 1 - 2 by 2 System Results
METHODS GROWTH RATE RANGE (RAD/S)
Stability Performance
Criterion Criterion
MIN MAX MIN MAX
1. PD <10 1650 200 1100
2. LQG ~IO 6200 500 4550
3. LQRY with Estimator <10 2000 <10 1000
4. Pole Placement with Estimator ~IO 2200 15 1300
5. NCF ~10 4550 30 2050
It should be noted that these ranges do not represent the absolute limits, but only the
ranges that are realizable based on their specific designs. Each control design contains
numerous parameters, each of which can be further tuned and investigated in the future.
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5.7 Individual System Conclusions
The LQG controller spans the widest set of growth rates given both criteria. The
close second is NCF, followed by pole placement with estimator, then LQRY with
estimator, and lastly, the PO controller. One important conclusion that can be drawn is
that it seems that non-model-based control, PO control, is inferior to model-based
control, which is represented by all the other methods. This was previously not thought
.
to be the case. The results show that the PO controller spans the narrowest growth rate
range and is hence, the least robust.
The LQG controller's advantage over the others is its speedy yet damped
behavior. In general, excess overshoot is the primary limiting factor within the
performance constraints when increasing the growth rate. The LQG controller is able to
stabilize systems of extremely high growth rates because of its limited overshoot.
The LQRY with estimator controller is also worth examining because it is able to
span the lowest growth rates within the performance constraints. The limiting factor for
most of the controllers within the performance constraints is either the rise time or the
settling time. The LQRY with estimator controller is quick enough to stabilize the plant
with the lowest allowable growth rate of 10, while keeping within the constraints. This
speed and corresponding high overshoots, however, is exactly what prevents it from
stabilizing higher growth rate systems.
The pole placement with estimator controller performs better than the PO
controller, even though they both use the same closed-loop poles. It is clear that the
estimator has a positive effect on the performance of the step response.
Lastly, the NCF performs the second best out of all of the methods. This is the
only frequency response method used, as all the others are simply in the state space
domain.
In addition. more work must be completed to fully understand the bodc plot
behaviors whcn compared to the closed-loop pcrformance plots.
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6 6 by 6 System Extension
It is beneficial to extend the previous investigation of the 2 by 2 system to a 6 by
6 system. This section shows how two separate 6 by 6 plants are created at a nominal
growth rate (Ynom= 1000 radls), then compared to each other and to the previous 2 by 2
plant, using zero-level contour plots and performance analysis for all 5 control methods,
namely: PO, LQG, LQRY with estimator, pole placement with estimator, and NCF. To
create a 6 by 6 open-loop plant from the original 22 by 6 plant the designer must simply
choose 6 outputs of the 22 for feedback control.
The 22 outputs, or sensors, can be split into 4 basic categories: 6 mid-plane
magnetic saddle loop pairs, 4 mid-plane magnetic probe pairs, 6 upper and lower
magnetic saddle loop pairs, and 6 upper and lower magnetic probe pairs. Physical
intuition insists that the 6 upper and lower magnetic probe pairs are the 6 ideal outputs to
control the system, however a mathematical approach is taken in order to investigate this
issue. A relative gain analysis for a non-square plant is one method used to acquire the
outputs that are most strongly linked to the inputs. 8
A simple but effective screening tool for selecting inputs and outputs, which
avoids the combinatorial problem just mentioned, is the relative gain analysis (RGA) of
the "big" transfer matrix Gall with all candidate inputs and outputs included. The relative
gain array is designated by A, and defined by the following equation,
A =Gaff X G;ffT
where G;/I is the pseudo inverse of Gall. Essentially, for the case of man)' candidate
measured outputs, or controlled outputs, the designer should consider not using those
outputs corresponding to rows in the RGA where the sum of the clements is much
smaller than I. The following theorem links the inputs and outputs projection to the
column and row sums of the RGA.
The rth row sum of the RGA is equal to the square of the rth output projection.
and thej'th column sum of the RGA is equal to the square ofthe/th input projection. i.e.
12
IAlj = II<Vrll:
,;1
fAlj = lIe,IUrll:
);1
where e) is a unit vector with a I in position} and D's elsewhere. Then thej'th input is u)
= e/u. And where ej is defined in a similar way such that the tth output is)', = e/y. And
where the singular value decomposition of Gall yields,
G =U~V}{
all r r r
where Er consists only of the ,. = rank(G) non-zero singular values, Ur consist of the r
first columns of U. and Vr consists of the r first columns of V. Thus Vr consists of the
input directions with a non-zero efTect on the outputs, and Ur consist of the output
directions we can affect by use of the inputs.
.......
In this analysis, the plant G at steady-state is the Gall matrix. After calculating the
relative gain matrix and summing the rows, the row sums are shown in the following
matrix, An.
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0.0276
0.0216
0.0182
0.1228
0.0895
0.0900
0.2447
0.2030
0.2064
0.2512
0.3915*
0.8572 *
0.7629*
0.4998 *
0.7940*
0.8264*
0.1366
0.1052
0.1017
0.0776
0.0734
0.0987
The 6 row sums with the stars (*) next to them are the 6 largest values in the matrix and
correspond to the outputs with the greatest effect on the inputs, namely the 6 upper and
lower magnetic saddle loop pairs. This contradicts the physical intuition, which points to
the 6 upper and lower magnetic probe pairs. Therefore, further investigation must be
implemented in order to evaluate each choice, such as closed-loop performance analysis
of each 6 by 6 system.
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7 6 by 6 System -Open-Loop Analysis
In order to evaluate these two 6 by 6 open-loop systems, the condition number of each
plant is found and compared to both the original 22 by 6 system and the 2 by 2 system.
The results are shown below
Condo No. of Original 22 by 6 System:
Condo No. of2 by 2 System:
Condo No. of System with 6 U&L Magnetic Probe Pairs:
Condo No. of System with 6 U&L Magnetic Saddle Loop Pairs:
62.5440
1.0859
2.4771 x 103
22.8642
Once again, comparing the condition number of the 2 by 2 system to the others is not
completely fair. This is because the condition number of the 2 by 2 system is the ratio
between the highest and lowest of two singular values, whereas the condition number of
the other systems is the ratio between the highest and lowest of six singular values.
Therefore, the remaining three systems may be compared fairly. The condition number
of the system with 6 upper and lower magnetic probe pairs is larger that any of the others
by a large degree, which shows that this system may produce the least effective feedback
control. The condition number of the system with 6 upper and lower magnetic saddle
loop pairs is less than the 22 by 6 system, meaning that it could be more controllable than
the original non-square plant. These hypotheses will be tested in the following two
sections.
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8 6 by 6 System Results - 6 Upper and Lower Magnetic Probe Pairs
8.1 Method 1 PD
8.2 Method 2 LQG
8.3 Method 3 LQRY with Estimator
8.4 Method 4 Pole Placement with Estimator
8.5 Method 5 NCF
8.6 Individual System Summary of Results
8.7 Individual System Conclusions
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8.1 Method 1 PD
As with the 2 by 2 system, the 6 by 6 system is first tested with the PO control
method. The structure of this PO controller is exactly the same as the previous controller
except that the control matrix, Kf, is a 6 by 6 matrix instead of a 2 by 2 matrix. Again,
the best pair of proportional gain (Gp) and derivative gain (Gd) must be chosen to achieve
the best closed-loop performance. To complete this goal, zero-level contour plots (yed
are created to show the areas of stability. Inside the contour region represents
combinations of proportional and derivative gain that produce stability, while outside the
region represents combinations that lead to instability. Each color represents an open-
loop plant with a different growth rate (Yod. Figure 116 shows a contour plot for growth
rates from 10 to 1000 rad/s. Figure 117 is a zoomed-in version of Figure 116 showing
the stable regions for growth rates from 500 to 1500 rad/s.
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Once again, as the growth rate is increased, the area of stability gets smaller. The pair of
gains, Gp= -5.0x 103 and GeF -15, are chosen to achieve the best performance at the
nominal growth rate. Figure 117 shows that this pair of gains is located in the center of
the red zero-level contour, which represents the open-loop growth rate (Yod of 1000
rad/s.
Again, we will use dynamic pole-zero mapping to show the effect of a varying
derivative gain. The open-loop system used in this investigation is at the nominal growth
rate of 1000 rad/s. Figure 118 actually shows the progression of the PO controlled
closed-loop pole and zero locations, while changing the derivative gain and keeping the
proportional gain fixed. The X's represent the poles, while the circles represent the
zeros. The derivative gain (Gd) is varied from -30 to 0, while the proportional gain (Gp)
is fixed at -5.0x 103• Each of the 6 different colors represents six increments of
derivative gain. For example. the color black represents the derivative gain values frol11
-30 to -25: the color blue represents the derivative gain values from -25 to -20: and etc.
for cyan. green. red. and magenta.
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Figure 118 - Dynamic Pole-Zero Map of Closed-Loop System
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Figure 118 shows that two of the poles start out in the RHP. meaning that the closed-loop
system is unstable. When the derivative gain is increased to midway through the blue
region. representing derivative gains from -25 to -20. the two poles cross over into the
LHP. At this point. all of the poles arc in the LHP. representing closed-loop stability.
However. when the derivative gain is increased to the beginning of the red region. which
represents derivative gains from -IOta -5. the same two poles cross back over into the
RHP. which once again makes the closed-loop system unstable. This plot verifies the
accuracy of the stable gain region plots in Figures 116 and 117. It is also worth noting
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that at a derivative gain of -15, which is precisely where the cyan region meets the green
region, is where these two closed-loop poles are furthest to the left. This is yet another
reason to choose this value of derivative gain to achieve the best closed-loop
performance.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. Below is the step response, the initial displacement response, the voltage
response to the step, and the robustness sweep, as shown in Figures 119, 120, 121, and
122, respectively.
, 6
16
14
,.2
~1
~ 06
~ 06
04
02
o
Step Respcrse
Figure 119 - Step Response
lritial Dsplacarert
2
, 5
~ 1
~ 05:
~ I0
1
.J] ,
0015 0 0005 001 0015
Figure 120 - Initial Displacement Response
so
Voltage Response
100,------~----~---_____,
III
40
-1000':-------=0-:'::005=-------=0'::-:01--------=-::'0015
Figure 121 - Voltage Response
CoutOlrS ct rrex(real(poIe» for fA. fC Robustress 9Neep
1.1 '-~"""",,=-~-'-----::=:c:-r---,---.::::-=_____,
HE
1.04
HI2
000
0.00
Figure 122 - Robustness Sweep
The step response is not within the performance constraints because of the excessive
overshoot of approximately 130%. However, this is the closest this system can get to the
target performance criteria. The rise time and settling time are approximately 0.1 ms and
5.0ms, respectively. The initial displacement response also reveals this speed. This plot
is a more accurate reflection of how the closed-loop plant would react to a perturbation in
magnetic field, because the reference of the plant is zero. The voltage response shows
that the voltage only reaches -40Y, and thus does not surpass the limit of± 1OOY. The
contour lines of the robustness sweep represent the real part of the closed-loop system's
slowest pole, given the percent perturbation of the A and C matrices. In this case, it
shows that within the ±10% perturbation of the A and C matrix, there are no contours of a
positive values, hence no unstable poles.
151 set of criteria: Stability
Next. the upper and lower grO\\1h rate limits of the plant are analyzed with respect
to the stability criteria. and a gro\\1h rate range of 50 to 1250 rad/s is found. The
controller can stabilize an ?pen-Ioop system with a growth rate as low as 50 rad/s. The
results are shown below in Figures 123. 124. 125. and 126.
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Figure 125 - Voltage Response
Figure 124 -Initial Displacement Response
Figure 126 - Robustness Sweep
The rise time and settling time are extremely slow at approximately 20ms and 4000ms.
respectively. The voltage is similar to the nominal case and within the physical
limitations. The overshoot is still extremely high at approximately 110%. The slowest
pole is at the -1.05 position. which is very close to crossing into the RHP. The
robustness sweep shows that a slight perturbation in the A or C matrix could \cad to
instability.
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The open-loop system's maximum growth rate this controller can stabilize is 1250
rad/s. The step response, initial displacement response, veltage response, and robustness
sweep are shown below in Figures 127, 128, 129, and 130, respectively.
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Figure 129 - Voltage Response
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Figure 128 -Initial Displacement Response
Figure 130 - Robustness Swecp
The performance of this system is extremely underdamped. The rise time is short at
0.078ms, but the settling time is long at 43ms. The overshoot is extremely high at
approximately 200%. The voltage response shows that while the voltage is within the
limitations of the audio amplifiers, it has a similarly long settling time. The robustness
sweep shows that even a very minor perturbation of the A or C matrix will cause
instability.
This controller can stabilize a growth rate span of 50 to 1250 rad/s. Since it is
believed that the growth rate could realistically reach 10,000 rad/s, this method is
incredibly limiting.
2nd set of criteria: Performance Constraints
This controller is not able to satisfy the perfonnance criteria for any growth rate.
The limiting factor is the excessive overshoot that is never under 50%, which is the
maximum allowable growth rate.
To summarize the PO method, the nominal controller is able to stabilize systems
with growth rates from 50 to 1250 rad/s and is not able to meet the performance
constraints of systems at any growth rate.
84
8.2 Method 2 LQG
This optimal control technique, LQG, is designed almost exactly the same as in
the previous 2 by 2 system. The only difference is that the theory is extended to a square
6 by 6 system. Therefore, the plant, G, and the controller, K}, are both 6 by 6 state-space
systems, instead of2 by 2.
Nominal Controller:
The LQG controller is paired with an open-loop system at the nominal growth
rate of 1000 rad/s. The results are shown below in Figures 131, 132, 133, and 134.
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Figure 131-Step Response
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Figure 132 -Initial Displacement Response
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Figure 134 - Robustness Sweep
The largest rise time is within the performance constraints at approximately 4.0ms. The
largest settling time is 19ms, which is above the performance constraint. The largest
overshoot is approximately 60%, which is slightly above the maximum allowable
overshoot. The voltage response shows that the maximum voltage is well below the
limitations of ±1OOV. The robustness sweep shows that the system is stable with a ± I0%
perturbation of the A or C matrices.
151 set of criteria: Stability
The LQG nominal controller is successful in stabilizing systems of growth rates
of 10 to 7200 rad/s. The results of this controller paired with an open-loop system with a
growth rate of 10 rad/s are shown below in Figures 135, 136, 137, and 138.
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Figure 138 - Robustness Sweep
This response is extremely slow with respect to the perfonnance targets, with a rise time
and settling time of approximately 280l11s and 500111s, respectively. The overshoot is 0%
and the voltage is within the constraints. The robustness sweep shows that the real part
of the slowest pole is approximately -8.0. but the closed-loop system is still stable given
the perturbations of the A and C matrix.
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The system with the maximum growth rate that the LQG nominal controller is
able to stabilize is 7200 rad/s. The results from this analysis are shown below in Figures
139,140,141, and 142.
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Figure 141 - Voltage Response Figure 142 - Robustness Sweep
This response is underdamped with a maximum overshoot of approximately 440%. The
rise time is short at approximately O.lms but the settling time much longer at
approximately 14ms. The initial displacement response shows similar behavior. The
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voltage response is similar to the nominal case except for some oscillation. The
robustness sweep shows that given a positive 10% perturbation in the A and C matrices,
the system becomes unstable.
2nd set of criteria: Performance Constraints
At no growth rate is the system able to satisfy the performance criteria because of
long settling times at low growth rates and the high overshoot at high growth rates.
To summarize the LQG method,the nominal controller is able to stabilize
systems with growth rates from 10 to 7200 rad/s and is unable to meet the performance
constraints of systems at any growth rate.
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8.3 Method 3 LQRY with Estimator
This optimal control technique, LQRY with estimator, is designed almost exactly
the same as in the previous 2 by 2 system. The only difference is that the theory is
extended to a square 6 by 6 system. Therefore, the plant, G, and the controller, KJ, arc
both 6 by 6 state-space systems, instead of2 by 2.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results are shown below in Figures 143, 144, 145, and 146.
Step Respcn;e Iritial Dsplacerrert
16
16
15
1.4
12 - -
~ ~ ~ 1
f 0: ~ "i~ 06 ~ OJ04
02
.os!
I
0
.,I
.02
0 oro; 001 0015 0 oro; 001 0015
Figure 143 - Step Response
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Figure I .... - Initial Displacement Response
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Figure 146 - Robustness Sweep
This response is very quick with a rise time and settling time under 1.0ms. It has an
overshoot of about 49%, which is extremely close to the maximum overshoot constraint
of 50%. Increasing the growth rate further yields an overshoot over 50%. Therefore, this
open-loop system of 1000 radls represents the upper limit given the performance
constraints as well. The voltage response shows that the maximum voltage almost
reaches ±80V, which is close to the ±1OOV limitation. The robustness sweep shows good
stability given the perturbations of the A and C matrices.
Isl set of criteria: Stability
This controller is able to stabilize the systems with growth rates from 10 to 1800
rad/s. The results for the open-loop system with a growth rate of 10 rad/s are shown in
Figures 147. 148. 149. and ISO.
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Figure 149 - Voltage Response Figure 150 - Robustness Sweep
This step response shows a maximum overshoot of approximately 9.4%. It is slower than
the nominal system with a rise time and settling time of approximately 3.0111s and 10ms.
respectively. These times are both within the performance constraints. The voltage
response is still high. but within the acceptable limitations. The robustness sweep shows
similar results as in the nominal case.
The upper stability limit is a system with a growth rate of 1800 rad/s. The results
are shown below in Figures 151. 152. 153. and 154.
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Figure 153 - Voltage Response Figure 154 - Robustness Sweep
This system is extremely underdamped with an overshoot ofapproximately 140%. The
rise time is extremely fast at about O.5ms, while the settling time is approximately 50ms.
The voltage response follows a similar trend, yet is still barely within the constraints.
The robustness sweep shows that a very slight perturbation of the A or C matrices causes
instability.
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2nd set of criteria: Performance Constraints
By abiding by the performance constraints, this method is capable of stabilizing
systems with growth rates from 10 to 1000 rad/s. Both of these cases were previously
shown. The open-loop system with a growth rate of 10 rad/s can be seen in Figures 147-
150. The limiting factor in this analysis is the growth rate, because growth rates below
10 radls are not considered. The open-loop system with a growth rate of 1000 rad/s is the
nominal case and can be seen in Figures 143-146. The limiting factor in this case is the
overshoot, which is very close to 50%. If the growth rate of the open-loop system is
increased, the overshoot exceeds this performance constraint.
To summarize the LQRY with estimator method, the nominal controller is able to
stabilize systems with growth rates from 10 to 1800 rad/s and meet the perfonnance
constraints of systems with growth rates from 10 to 1000 rad/s.
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8.4 Method 4 Pole Placement with Estimator
This control technique is designed almost exactly the same as in the previous 2 by
2 system. The only difference is that the theory is extended to a square 6 by 6 system.
Therefore, the plant, G, and the controller, K4, are both 6 by 6 state-space systems,
instead of2 by 2. The pole locations are taken from the PO controlled 6 by 6 closed-loop
nominal system previously discussed.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. results are shown below in Figures 155, 156, 157, and 158.
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Figure 156 - Initial Displacement Response
Vdtage Resporse
'CDr----~----~---______,
.'CDO~-----=O-::W5=------="Q01:::-----:-:0015
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The step response shows an overshoot of approximately 0%. The rise time and settling
time are approximately 4.0ms and 7.0ms. The voltage response shows that the maximum
voltage reached is approximately -30Y, which is well within the voltage limitations. The
robustness sweep shows no instabilities arising due to ±IO% perturbations of the A and C
matrices.
Ist set of criteria: Stability
This nominal controller is able to stabilize systems with growth rates from 15 to
2650 rad/s. The results of the system with a grO\\1h rate of 15 rad/s are shown below in
Figures 159, 160, 161, and 162.
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Figure 161 - Voltage Response Figure 162 - Robustness Sweep
The rise time and settling time are extremely slow at approximately 1.5 xI03ms and
1.5x 105ms. The maximum overshoot is 290%. The voltage response is similar to the
nominal case, and well within the constraints. The robustness sweep shows that given a
± 10% perturbation of the A or C matrix would yield instability.
This controller is successful in stabilizing an open-loop systcm with a growth ratc
of2650 rad/s. which is the upper limit. The results are shown below in Figures 163.164.
165. and 166.
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This system has a maximum overshoot ofapproximately 1.0%. The rise time is
approximately 4.0ms with a settling time of approximately 9.0ms. The initial
displacement response and voltage response show the same oscillatory behavior. The
robustness sweep shows that a small perturbation in either the A or C matrix causes
instability, and therefore this response docs satisfy the perfomlance requirements.
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2nd set of criteria: Performance Constraints
When considering the performance constraints, the span of growth rates is
narrower, specifically the range from 200 to 2350 rad/s. The results from the system with
a growth rate of200 rad/s are shown below in Figures 167, 168, 169, and 170.
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The maximum ovcrshoot at this gro\\th ratc is 15%. The limiting factor in this casc is the
settling time. which is at 10ms. Thc rise time is within the performancc constraints. at
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approximately 3.0ms. The voltage response and robustness sweep are similar to that of
the nominal case and are well within both the physical and performance constraints.
The upper growth rate limit within the performance constraints is 2350 rad/s. The
results are shown below in Figures 171, 172, 173, and 174.
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The limiting factor of this rcsponsc is thc robustncss swccp. Thc robustncss swccp shows
no instabilitics within a ± 10% pcrturbation in thc A and C matriccs. An opcn-Ioop
systcm with a highcr grO\\1h ratc would producc instabilitics in this rangc. This systcm
has a maximum o\·crshoot of approximatcly 0%. Thc risc timc is fast at about 4.0ms.
100
while the settling time is approximately 7.0ms. The voltage response follows a similar
trend, yet is still within the constraints.
To summarize the pole placement with estimator method, the nominal controller
is able to stabilize systems with growth rates from 15 to 2650 rad/s and meet the
performance constraints of systems with growth rates from 200 to 2350 rad/s.
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8.5 Method 5 NCF
This robust control technique, NCF, is designed almost exactly the same as in the
previous 2 by 2 system. The only difference is that the theory is extended to a square 6
by 6 system. Therefore, the plant, G, and the controller, Kj , are both 6 by 6 state-space
systems, instead of2 by 2. Correspondingly, the weighting matrices, rff and rf2, are 6 by
6 matrices instead of2 by 2 matrices, with the same weighting parameters in the diagonal
positions.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results of which are shown in Figures 175, 176, 177, and 178.
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This step response produces an overshoot of approximately 30%. The rise time and
settling time are 0.1 ms and 1.5ms, respectively. The voltage response shows that the
maximum voltage reached is approximately ±25V, which is well within the limitation of
±100V. The robustness sweep shows no instability resulting from a ±IO% perturbation
of the A and C matrices.
IS! set of criteria: Stability
This nominal controller is able to stabilize systems with growth rates from 10 to
3200 rad/s. The results of the system with a growth rate of 10 rad/s are shown below in
Figures 179, 180, 181, and 182.
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Figure 182 - Robustness Sweep
The step response shows overdamped behavior with 0% overshoot. The rise time and
settling time are approximately 8.0ms and 15ms. The voltage response and robustness
sweep are similar to the nominal case, and are wel1 within the constraints. Since this is
within the performance constraints. this also represents the minimum growth rate with
respect to the performance criteria.
The results of the case where this controller stabilizes an open-loop systcm with a
gro\\1h ratc of 3200 rad/s is shown below in Figurcs 183. 184. 185. and 186.
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Figure 186 - Robustness Sweep
This step response is underdamped with an overshoot of approximately 152%. The rise
time and settling time are O.3ms and 16ms, respectively. The initial displacement
response and voltage response show this oscillatory behavior, but remain within the
physical limitations of the system. The robustness sweep shows a large region of
instability given a perturbation of the A and C matrices.
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2nd set of criteria: Performance Constraints
Based on the performance criteria, the nominal NCF controller can stabilize
systems with growth rates from 10 to 1700 rad/s. Since the system with a growth rate of
10 rad/s was previously shown, the results of the case where this controller stabilizes an
open-loop system with a growth rate of 1700 rad/s are shown below in Figures 187, 188,
189, and 190.
1.6.-----~----~---___,
lritici Dspla:::emrt
16
1.5
Q: 1
~ 05
~
.J
,
_J
0015 0 oem 001 0015.Q20~----0::-:em~------:-0'=01----=-!.
02
o
1.2 ""[Y
~ 0:.111..:. ...- -·-·-.:.:-.:.:.:.-.-.-.-.-.-.-.-.".:.:.:.:.:.:.-_-1
~ 06
o.
Figure 187 - Step Response Figure 188 -Initial Displacement Response
Vdtage Respcrse
1CD.---------~----~---___,
ro
ro
4).
~l~l
=I__----::-:.=--_-----=".::-._--------::-:
. 0 00:6 001 00'15
fC
Figure 189 - Voltage Response Figure 190 - Robustness Sweep
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The limiting factor in this analysis is the overshoot, which is approximately 50%. The
rise time and settling time are quick at approximately 0.06ms and 1.0ms, respectively.
The voltage response and robustness sweep are similar to the nominal case, and are
within the physical and performance constraints.
To summarize the NCF method, the nominal controller is able to stabilize systems
with growth rates from 10 to 3200 rad/s and meet the performance constraints of systems
with growth rates from 30 to 1700 rad/s.
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/8.6 Individual System Summary of Results
The results of the five control strategies implemented on the 6 by 6 system, using
the 6 upper and lower magnetic probe pairs, can be summarized by Table 2.
Table 2 - 6 by 6 System Results with 6 Upper and Lower Magnetic Probe Pairs
METHODS GROWTH RATE RANGE (RAD/S)
Stability Performance
Criterion Criterion
MIN MAX MIN MAX
J. PO 50 1250 none none
2. LQG <10 7200 none none
3. LQRY with Estimator ~10 1800 <10 1000
4. Pole Placement with Estimator 15 2650 200 2350
5. NCF <10 3200 30 1700
It should be noted that these ranges do not represent the absolute limits, but only the
ranges that are realizable based on their specific designs. Each control design contains
numerous parameters, each of which can be further tuned and investigated in the future.
lOS
8.7 Individual System Conclusions
With respect to stability criteria, the LQG controller still spans the widest set of
growth rates. The close second is NCF, followed by pole placement with estimator, then
LQRY with estimator, and lastly, the PO controller. This is the same pattern found with
the 2 by 2 system.
With respect to the performance criteria, the pole placement with estimator spans
the widest range of growth rates, followed by NCF, and then LQRY with estimator.
Neither the LQG method nor the PO method is able to satisfy the performance constraints
at any growth rate. Specifically, this system is not able to meet the performance
requirements for the PO control method because of excessive overshoot. For the LQG
control method, the reason is both excessive overshoot and excessive settling time.
It still seems that non-model-based control, PO control, is inferior to model-based
control, which is represented by all the other methods. The results show that, at least for
stabilizing control, the PO controller spans the narrowest growth rate range and is hence,
the least robust. These results for the 6 chosen upper and lower magnetic probe pairs
must be compared to the 6 by 6 system with the 6 chosen upper and lower magnetic
saddle loop pairs.
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9.1 Method 1 PD
As with the 2 by 2 system and the previous 6 by 6 system, this system is first
tested with the PO control method. The structure of this PO controller is exactly the
same as the previous 6 by 6 controller, K,. Again, the best pair of proportional gain (Gp)
and derivative gain (Gd) are found using zero-level contour plots (YCL), which are created
to show the areas of stability. Inside the contour region represents combinations of
proportional and derivative gain that produce stability, while outside the region represents
combinations that lead to instability. Again, each color represents an open-loop plant
with a different growth rate (yod. Figure 191 shows a contour plot for growth rates from
10 to 2500 rad/s. Figure 192 is a zoomed-in version of Figure 191 showing the stable
regions for growth rates from 10 to 4000 rad/s.
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Figure 192 - Zoomed-In Zero-Level Contour Plots for Various Open-Loop Growth Rates (rod
Once again, as the growth rate is increased, the area of stability gets smaller. For this
system, the pair of gains, Gp=J.Ox104 and GrI5, are chosen to achieve the best
performance at the nominal growth rate. Figure 192 shows that this pair of gains is
located inside the red zero-level contour, which represents the open-loop growth rate
(YOL) of 1000 rad/s.
Again, we will use dynamic pole-zero mapping to show the effect ofa varying
derivative gain. The open-loop system used in this investigation is at the nominal growth
rate of 1000 rad/s. Figure 193 actually shows the progression of the PD controlled
closed-loop pole and zero locations, while changing the derivative gain and keeping the
proportional gain fixed. The X's represent the poles, while the circles represent the
zeros. The derivative gain (Gd) is varied from ato 30, while the proportional gain (Gp ) is
fixed at I.Ox 104• Each of the 6 different colors represents six increments of derivative
gain. For example, the color black represents the derivative gain values from 0 to 5; the
color blue represents the derivative gain values from 5 to 10; and etc. for cyan. green. red.
and magenta.
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Figure 193 - Dynamic Pole-Zero !\lap of Closed-Loop System
where:
black: Gd = 0 to 5
blue: Gd= 5 to 10
cyan: Gd=IOto15
green: Gd= 15 to 20
red: Gd= 20 to 25
magenta: Gd= 25 to 30
Figure 193 shows that two of the poles start out in the RHP, meaning that the closed-loop
system is unstable. When the derivative gain is increased to midway through the blue
region. representing derivative gains from 5 to 10, the two poles near the origin cross
over into the LHP. At this point, all of the poles are in the LHP. representing closed-loop
stability. However. when the derivative gain is increased to the beginning of the magenta
region. which represents derivative gains from 25 to 30. two other poles cross back ovcr
into the RHP. which once again makes the closed-loop system unstable. This plot
verifies the accuracy of the stable gain region plots in Figures 191 and 192. It is also
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worth noting that at a derivative gain of 15, which is precisely where the cyan region
meets the green region, is where the slowest closed-loop poles are furthest to the left.
This is yet another reason to choose this value ofderivative gain to achieve the best
closed-loop performance.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. Below is the step response, the initial displacement response, the voltage
response to the step, and the robustness sweep, as shown in Figures 194, 195, 196, and
197, respectively.
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Figure 197 - Robustness Sweep
The step response is within the performance constraints. The maximum overshoot is
approximately 19%. The rise time and settling time are approximately 0.5ms and 3.0ms,
respectively. The initial displacement response also reveals this speed. The voltage
response shows that the voltage approaches +40Y, but does not surpass the limit of
+1OOY. The robustness sweep shows that within the ±10% perturbation of the A and C
matrix, there are no contours of a positive values, hence no instability.
Isl set of criteria: Stability
Next, the upper and lower growth rate limits of the plant are analyzed with respect
to stability criterion, and a growth rate range of 10 to 1800 rad/s is found. The minimum
growth rate the system can have and still be controlled by the nominal PO controller is 10
rad/s. The limiting factor in this case is the gro\\1h rate. As stated earlier, 10 rad/s is
designated as the minimum growth rate that is physically realizable. The results are
shown below in Figures 198. 199. 200. and 201.
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Figure 200 - Voltage Response Figure 201 - Robustness Swecp
The rise time and settling time are extremely slow at approximately 50ms and 22ms.
respectively. The maximum overshoot is approximately 15%. The voltage is similar to
the nominal case and within the physical limitations. The robustness sweep is similar to
the nominal case as well.
The open-loop system's maximum growth rate this controller can stabilize is 1800
rad/s. The stcp response. initial displacement response. voltage response, and robustness
swcep are shown below in Figures 202. 203. 204. and 205. respectively.
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Figure 204 - Voltage Response Figure 205 - Robustness Sweep
The perfonnance of this system is extremely underdamped. The rise time is fast at
0.08ms. but the settling time is slow at 28ms. The maximum overshoot is approximately
100%. The voltage response shows that while the voltage is within the limitations of the
audio amplifiers. it has a similarly long settling time. The robustness sweep shows that
e\'en the slightest perturbation of the A matrix will cause instability.
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This controller can stabilize a growth rate span of 10 to 1800 rad/s. Since it is
believed that the growth rate could realistically reach 10,000 rad/s, this range is
somewhat narrow.
2nd set of criteria: Performance Constraints
The performance criteria is more limiting, therefore it is expected that this growth
rate range is narrower. The growth rate span using this set of criteria is 200 to 1300 rad/s.
The results of the lower limit case with a plant growth rate of200 rad/s are shown in
Figures 206, 207, 208, and 209.
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Figure 208 - Voltage Response Figure 209 - Robustness Sweep
In this case, the limiting parameter is the settling time, which is approximately 10ms.
This is the maximum allowable value based on the performance criteria. The maximum
overshoot is approximately 18%. The voltage response is similar to the nominal case,
and within the physical constraints. The robustness sweep shows an equally good
robustness as the nominal case.
The upper limit using the performance constraints is a plant with a growth rate of
1300 rad/s. The step response, initial displacement response, voltage response, and the
robustness plots are shown in Figures 2 I0, 2I I, 212, and 213.
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Figure 213 - Robustness Sweep
The limiting factor in this analysis is the overshoot, which is approximately 50%. This is
the maximum allowable overshoot defined by the performance constraints. Further
increasing the growth rate results in an overshoot that exceeds this limit. The rise time
and settling time are both adequately short at 0.5ms and 3.0ms, respectively. The voltage
response and robustness sweep are relatively similar to the nominal case.
To summarize the PO method, the nominal controller is able to stabilize systems
with growth rates from 10 to 1800 rad/s and meet the perfonnance constraints of systems
with growth rates from 200 to 1300 rad/s.
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9.2 Method 2 LQG
This optimal control technique, LQG, is designed exactly the same as in the
previous 6 by 6 system. The plant, G, and the controller, K2, are both 6 by 6 state-space
systems, instead of2 by 2.
Nominal Controller:
The LQG controller is paired with an open-loop system at the nominal growth
rate of 1000 rad/s. The results are shown below in Figures 214, 215, 216, and 217.
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Figure 217 - Robustness Sweep
The largest rise time is within the performance constraints at approximately 2.0ms. The
largest settling time is 4.5ms, which is below the performance constraint of5.0ms. The
maximum overshoot is approximately 1%. The voltage response shows that the
maximum voltage is well below the limitations of ± 1OOY. The robustness sweep shows
that the system is stable with a ± 10% perturbation of the A or C matrices.
151 set of criteria: Stability
The LQG nominal controller is successful in stabilizing systems of growth rates
of 10 to 6700 rad/s. The results of this controller paired with an open-loop system with a
gro\\1h rate of 10 rad/s are shown below in Figures 218, 219,220 and 221.
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Figure 220 - Voltage Response
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This response is extremely slow with respect to the perfonnance targets, with a rise time
and settling time of approximately 300ms and 525ms. respcctively. The overshoot is 0%
and the voltage is again within the constraints. The robustness sweep shows that the real
part of the slowcst pole is approximately -6.9. but the closed-loop systcm is still stablc
givcn the perturbations ofthc A and C matrix.
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The system with the maximum growth rate that the LQG nominal controller is
able to stabilize is 6700 rad/s. The results from this analysis are shown below in Figures
222,223,224, and 225.
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This rcsponsc is undcrdampcd with a maximum ovcrshoot of approximately 211 %. Thc
risc timc is short at approximatcly O.3ms but thc maximum scttling timc is much longcr at
approximatcly lOOms. Thc initial displaccmcnt rcsponsc shows similar bchavior. Thc
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voltage response is similar to the nominal case except for some oscillation. The
robustness sweep shows that given a ± I0% perturbation in the A and C matrices, the
system becomes unstable.
2nd set of criteria: Performance Constraints
Given the performance constraints, the growth rate span shrinks to a range of 500
to 3450 rad/s. The results for the system with a growth rate of 500 rad/s are shown below
in Figures 226, 227, 228, and 229.
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Figure 229 - Robustness Sweep
The limiting factor in this case is the settling time ofapproximately IOms, which is the
maximum allowable limit given the performance constraints. The rise time is just under
5.0ms, which is the allowable limit. The overshoot is again 0%, as is usually the case in
overdamped responses. The voltage response and robustness sweep are both similar to
the nominal case and within the performance constraints.
The system with the maximum growth rate of 3450 rad/s satisfies the performance
constraints. The results of this analysis are shown below in Figures 230, 231,232, and
233.
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Figure 233 - Robustness Sweep
The overshoot of approximately 50% is the limiting factor in this closed-loop system.
The step response is adequately fast with a rise time and settling time ofO.3ms and
2.5ms, respectively. The voltage response and robustness sweep are both similar to the
nominal case and well within the performance constraints.
To summarize the LQG method, the nominal controller is able to stabilize
systems with growth rates from 10 to 6700 rad/s and meet the performance constraints of
systems with growth rates from 500 to 3450 rad/s. When compared to the PD controller,
the LQG controller spans wider growth rate ranges, with regards to both stability and the
performance constraints. Its slow speed is it primary limitation with low growth rates.
With high growth rates, its limitation is overshoot.
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9.3 Method 3 LQRY with Estimator
This optimal control technique, LQRY with estimator, is designed almost exactly
the same as in the previous 6 by 6 system. The plant, G, and the controller, KJ, are both 6
by 6 state-space systems, instead of2 by 2.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results are shown below in Figures 234, 235, 236, and 237.
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This response is very quick with a rise time and settling time ofO.3ms and 1.0ms,
respectively. It has a maximum overshoot of about 5.0%. The voltage response shows
that the maximum voltage almost reaches ±80Y, which is close to the ±IOOY limitation.
The robustness sweep shows stability given the perturbations of the A and C matrices.
151 set of criteria: Stability
This controller is able to stabilize open-loop systems with growth rates from 10 to
1900 rad/s. The results for the open-loop system with a growth rate of 10 rad/s are shown
in Figures 238, 239,240, and 241.
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Figure 240 - Voltage Response Figure 241 - Robustness Sweep
This step response shows approximately 1.0% overshoot. It is slower than the nominal
system with a maximum rise time and settling time ofapproximately 4.0ms and 15ms,
respectively. These times are both within the performance constraints, given the open-
loop grO\\1h rate of 10 rad/s. Therefore. this is also the lower growth rate limit with
respect to the performance constraints. The voltage response is similar to the nominal
case and within the acceptable limitations. The robustness sweep shows similar results as
in the nominal case.
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This controller is successful in stabilizing an open-loop system with a growth rate
of 1900 rad/s, which is the upper limit. The results are shown below in Figures 242, 243,
244, and 245.
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Figure 245 - Robustness Sweep
This response has a maximum overshoot of approximately 50%. which is the maximum
allowable limit with respect to the performance constraints. TIle rise time is
approximately 0.3ms with a settling time ofapproximately 10ms. The initial
displacement response and voltage response show the same oscillatory behavior. The
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robustness sweep shows that a small perturbation in either the A or C matrix causes
instability, and therefore does not satisfy the performance criteria.
2nd set of criteria: Performance Constraints
With respect to the performance constraints, the nominal controller can stabilize
the open-loop system with growth rates from 10 to 1700 rad/s. The performance plots of
the open-loop system with the lowest controllable growth rate, 10 rad/s, are shown in
Figures 238-241. The upper growth rate limit within the performance constraints is 1700
rad/s. The results are shown below in Figures 246, 247, 248, and 249.
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Figure 249 - Robustness Sweep
The limiting factor of this response is the robustness sweep. This robustness sweep
..-,shows no instabilities within a ±10% perturbation in the A and C matrices, however an
j--~/ open-loop system with a higher growth rate would yield instabilities in this plot. This
system has a maximum overshoot of approximately 20%. The rise time is fast at about
0.3ms, while the settling time is approximately 1.0ms. The voltage response is similar to
the nominal case, yet is still within the constraints.
To summarize the LQRY with estimator method, the nominal controller is able to
stabilize systems with growth rates from 10 to 1900 rad/s and meet the performance
constraints of systems with growth rates from 10 to I700 rad/s.
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9.4 Method 4 Pole Placement with Estimator
This control technique is designed almost exactly the same as in the previous 6 by
6 system. Once again, the plant, G, and the controller, K4, are both 6 by 6 state-space
systems, instead of2 by 2. The pole locations are taken from the PD controlled 6 by 6
closed-loop nominal system previously discussed.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results are shown below in Figures 250,251,252, and 253.
Sep Respcn;e
1.8,------~---~---______,
18
15
14
12
!2: '[j-:;=-._•••_••__~ 08 ~--
~ 06
04
02
o
-o2'-------'----------:-'c-------,-1
o OCIlS 001 0015
Figure 250 - Step Response
134
~'
~ 05j •
~ 0 1
·L---,---~-
o OCIlS 001
Figure 251 -Initial Displacement Response
0015
1CD,r----~__::~--~----_,
0015
Figure 252 - Voltage Response Figure 253 - Robustness Sweep
The step response shows a maximum overshoot of approximately 8.0%. The rise time
and settling time are approximately 0.5ms and 2.0ms. The voltage response shows that
the maximum voltage goes outside the voltage limitations of ±IOOY. The robustness
sweep shows no instabilities arising due to ±)O% perturbations of the A and C matrices.
151 set of criteria: Stability
This nominal controller is able to stabilize systems with growth rates from )0 to
2000 rad/s. The results of the system with a growth rate of 10 rad/s are shown below in
Figures 254, 255,256, and 257.
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Figure 256 - Voltage Response Figure 257 - Robustness Sweep
The maximum rise time and settling time are approximately 6.0ms and 23ms. The
overshoot is 0%. The voltage response is similar to the nominal case and outside the
physical limitations of the audio amplifiers. The robustness sweep is also similar to the
nominal case and within the constraints.
This controller is successful in stabilizing an open-loop system with a growth rate
of 2000 rad/s. which is the upper limit. The results are shown below in Figures 258. 259.
260. and 261.
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Figure 260 - Voltage Response Figure 261 - Robustness Sweep
This system is underdamped with a maximum overshoot of approximately 52%. The
maximum rise time is approximately 3.0ms with a maximum settling time of
approximately 220ms. The voltage response shows that the voltages are still outside the
limitations of± 1OOV. The robustness sweep shows that a small perturbation in either the
A or C matrix causes instability.
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2nd set of criteria: Performance Constraints
Since the voltage response shows that the voltages exceed the ± IOOY limitation
for all growth rates, there is no growth rate range in which the closed-loop response
satisfies the performance constraints.
To summarize the pole placement with estimator method, the nominal controller
is able to stabilize systems with growth rates from 10 to 2000 rad/s and is unable to meet
the performance constraints of the system at any growth rate, due to excessive voltages.
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9.5 Method 5 NCF
This robust control technique, NCF, is designed exactly the same as in the
previous 6 by 6 system. Again, the plant, G, and the controller, Ks, are both 6 by 6 state-
space systems, instead of2 by 2. Correspondingly, the weighting matrices, ~VI and ~V2,
are 6 by 6 matrices instead of2 by 2 matrices, with the same weighting parameters in the
diagonal positions.
Nominal Controller:
This controller is paired with an open-loop system at the nominal growth rate of
1000 rad/s. The results of which are shown in Figures 262,263,264, and 265.
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Figure 263 - Initial Displacement Response
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This step response produces an overshoot of 0%. The rise time and settling time arc
approximately 2.0ms and 4.0ms, respectively. The voltage response shows that the
maximum voltage reached is approximately ±20V, which is well within the limitation of
±1OOV. The robustness sweep shows no instability resulting from a ±10% perturbation
of the A and C matrices.
151 set of criteria: Stability
This nominal controllcr is able to stabilize systems with growth ratcs from 10 to
3750 rad/s. Thc results of the system with a growth rate of 10 rad/s are shown bclow in
Figures 266, 267, 268, and 269.
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Figure 266 - Step Response Figure 267 -Initial Displacement Response
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Figure 268 - Voltage Response Figure 269 - Robustness Sweep
The step response shows overdamped behavior with 0% overshoot. The maximum rise
time and settling time are approximately 22ms and 47ms. The voltage response and
robustness sweep are similar to the nominal case, and are well within the constraints.
The results of the case where this controller stabilizes an open-loop system with a
growth rate of3750 rad/s is shown below in Figures 270. 271. 272, and 273.
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Figure 272 - Voltage Response Figure 273 - Robustness Sweep
This step response is underdamped with an overshoot of approximately 65%. The rise
time and settling time are 0.0 Ims and IOms, respectively. The initial displacement
response and voltage response show this oscillatory behavior, and remain within the
physical limitations of the system. The robustness sweep shows a large region of
instability given a perturbation of the A and C matrices.
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2nd set of criteria: Performance Constraints
Based on the performance criteria, the nominal NCF controller can stabilize
systems with growth rates from 30 to 3200 rad/s. The results of the case where this
controller stabilizes an open-loop system with a growth rate of 30 rad/s are shown below
in Figures 274,275,276, and 277.
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Figure 274 - Step Response
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Figure 277 - Robustness Sweep
The limiting factor in this analysis is the maximum settling time. which is approximately
14ms. This is just under the maximum limit allowed by the performance constraints.
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The rise time and overshoot are approximately 7.0ms and 0%, respectively. The voltage
response and robustness sweep ,are similar to the nominal case, and are within the
physical and performance constraints.
Within the performance constraints, the upper limit of growth rate for an open-
loop system controlled by the NCF nominal controller is 3200 rad/s. The results are
shown below in Figures 278, 279, 280, and 281.
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Figure 280 - Voltage Response Figure 281 - Robustness Sweep
The limiting factor in this analysis is the maximum overshoot. which is approximately
45%. This is the ycry close to the upper limit allowed by the perf0n11anCe criteria. The
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maximum rise time and senling time are approximately 0.0 Ims and 4.0ms, respectively.
The voltage response and robustness sweep are similar to the nominal case and within the
physical and performance constraints.
To summarize the NCF method, the nominal controller is able to stabilize systems
with growth rates from 10 to 3750 rad/s and meet the performance constraints of systems
with growth rates from 30 to 3200 rad/s. The NCF controller is once again proven to be a
successful tool in spanning open-loop system growth rates. It has one of the widest
growth rate ranges out of all the methods, second only to LQG.
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9.6 Individual System Summary of Results
The results of the five control strategies implemented on the 6 by 6 system, using
the 6 upper and lower magnetic saddle loop pairs, can be summarized by Table 3.
Table 3 - 6 by 6 System Results with 6 Upper and Lower Magnetic Saddle Loop Pairs
METHODS GROWTH RATE RANGE (RAD/S)
Stability Performance
Criterion Criterion
MIN MAX MIN MAX
1. PD <10 1800 200 1300
2. LQG ~10 6700 500 3450
3. LQRY with Estimator <10 1900 <10 1700
4. Pole Placement with Estimator <10 2000 none none
5. NCF ~1O 3750 30 3200
It should be noted that these ranges do not represent the absolute limits, but only the
ranges that are realizable based on their specific designs. Each control design contains
numerous parameters, each of which can be further tuned and investigated in the future.
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9.7 Individual System Conclusio~
With respect to the stability criterion, the LQG controller still spans the widest set
of growth rates. The close second is NCF, followed by pole placement with estimator,
then LQRY with estimator, and lastly, the PO controller. This is the same panern found
in the 2 by 2 system and in the previous 6 by 6 system.
With respect to the performance criteria, the LQG controller spans the widest
range of growth rates, fbllowed by NCF, then LQRY with estimator, and then the PO
controller. The pole placement with estimator controller is not able to satisfy the
performance constraints at any growth rate, because of voltages that are outside ± IOOY,
which are the physical limitations of the audio amplifiers.
This system analysis also supports the trend that non-model-based control, PO
control, is inferior to model-based control, which is represented by all the other methods.
The results show that, at least for stabilizing control, the PO controller spans the
narrowest growth rate range and is hence, the least robust.
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10 Comprehensive Summary of Results
Table 4 shows a summary of the results found previously for the 2 by 2 system.
Table 5 shows a summary of the results found for the 6 by 6 system with 6 upper and
lower magnetic probe pairs. Table 6 shows a summary of the results found for the 6 by 6
system with 6 upper and lower magnetic saddle loop pairs.
Table 4 - 2 by 2 System
METHODS GROWTH RATE RANGE (RAO/S)
Stability Performance
Criterion Criterion
MIN MAX MIN MAX
1. PO <10 1650 200 1100
2. LQG ~IO 6200 500 4550
3. LQRY with Estimator <10 2000 <10 1000
4. Pole Placement with Estimator ~IO 2200 15 1300
5. NCF <10 4550 30 2050
Table 5 - 6 by 6 System Results with 6 Upper and Lower Magnetic Probe Pairs
METHODS GROWTH RATE RANGE (RAO/S)
Stability Perfonnance
Criterion Criterion
MIN MAX MIN MAX
1. PO 50 1250 none none
2. LQG <10 7200 none none
3. LQRY with Estimator :s10 1800 ~IO 1000
4. Pole Placement with Estimator 15 2650 200 2350
5. NCF :s10 3200 30 1700
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Table 6 - 6 by 6 System Results with 6 Upper and Lower Magnetic Saddle Loop Pairs
METHODS GROWTH RATE RANGE (RAD/S)
Stability Performance
Criterion Criterion
MIN MAX MIN MAX
J. PD ~1O 1800 200 1300
2. LQG <10 6700 500 3450
3. LQRY with Estimator ~10 1900 <10 1700
4. Pole Placement with Estimator ~10 2000 none none
5. NCF <10 3750 30 3200
149
11 Comprehensive Conclusions
Comparing Tables 4 - 6 is not extremely simple, because none is outright superior
to the others. Therefore, each criterion and control method must be addressed separately.
When comparing the three systems with regards to the stability criterion, the 2 by
2 system has the largest growth rate range for the LQRY with estimator and NCF control
methods. The 6 upper and lower magnetic probe pair system has the largest growth rate
range for the LQG and pole placement with estimator control methods. The 6 upper and
lower magnetic saddle loop pair system has the largest growth rate range for the PO
control method.
When comparing the three systems with regards to the performance criteria, the 2
by 2 system has the largest growth rate range for the LQG control method. The 6 upper
and lower magnetic probe pair system has the largest growth rate range for the pole
placement with estimator control method. The 6 upper and lower magnetic saddle loop
pair system has the largest growth rate range for the PO, LQRY with estimator, and NCF
control methods.
The 6 upper and lower magnetic probe pair system is not able to control any
open-loop system within the performance criteria using either the PO or LQG control
method. Specifically, this system is not able to meet the performance requirements for
the PO control method because of excessive overshoot. For the LQG control method, the
reason is both excessive overshoot and excessive settling time. In addition, the 6 upper
and lower magnetic saddle loop pair system is not able to control any open-loop system
within the perfomlance criteria using the pole placement with estimator control
technique. because of the voltage limitations of the system (± IOOY).
Since the perfomlance constraints are an approximation of what the desired
performance should look like, this seems like thc more important criterion to consider.
Given this assumption. thc 2 by 2 systcm with a LQG controller spans thc widest growth
rate range. which is 500 to 4550 radls, and may be the most dcsirable choicc. When
considering other controllers. thc 6 by 6 system with thc 6 chosen upper and lower
magnetic saddle loop pairs spans the largest gro\\1h ratcs for 3 other controllers. namely
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PO, LQRY with estimator, and NCF. This system 6 by 6 system might also be worth
"
continued investigation.
For the most part, the LQG controller spans the widest set of growth rates given
both criteria. The second is NCF, followed by pole placement with estimator, then
LQRY with estimator, and lastly, the PO controller. This pattern seems mostly consistent
throughout all of the three open-loop system's analysis. The most important conclusion
that can be drawn is that for any of these three open-loop systems is that non-model-
based control, PO control, is inferior to model-based control, which is represented by all
the other methods. Since, PO control is the most widely used control technique currently,
consideration of a model-based control strategy is highly recommended.
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12 Recommendations for Future Work
The first recommendation is to continue this investigation with other types of
controllers. Judging by the positive results generated by the NCF method, it would be
advised to continue work in the frequency response domain. Mixed sensitivity and 11-
synthesis controllers should be explored and compared to these results. Furthermore,
other robust and adaptive techniques should be considered. The bode plots of the 2 by 2
system should be further investigated as well.
As far as the 6 by 6 systems go, there is a considerable amount of work that could
be done towards devising different combinations of input and output pairs. The loop-
closing in this investigation was done arbitrarily, but future work could include using
analytic methods to find the ideal pairing scheme.
Another recommendation is that this process be increased in scope by designing 2
controllers that cover a wider growth rate range. One controller could be used for a low
growth rate range and a second used for a higher growth rate range. The key would be
having some sort of real-time growth rate tracking, or at least an estimate, in order to
enact a switch from one controller to the other.
Further research could be attempted using a fully populated system of 22 outputs
by 6 inputs. This would involve altering the physical interpretation of the data, however
could prove to be quite useful. Adding realistic noise would also be a good next step.
Ultimately, these control techniques should be implemented on actual plasma shots to test
the validity of the model.
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